Introduction
Axially moving strings can represent many engineering devices such as power transmission belts, elevator cables, plastic films, magnetic tapes, paper sheets, textile fibers, band saws, aerial cable tramways, and crane hoist cables. Despite many advantages of these devices, noise and vibrations, particularly transverse vibrations, associated with the devices have limited their applications. For example, in magnetic tape drives, the vibration of a tape leads to signal modulation and accelerates the wear of the tape; in band saws, the vibration of a blade results in poor cutting quality. Therefore, understanding transverse vibrations of axially moving strings is important for the design of the devices. Furthermore, for high precision applications, it is desirable to introduce suitable control mechanisms to reduce vibrations of axially moving strings in order to improve performance of the devices.
A string is a one-dimensional continuum that offers no resistance to bending. Since the gravitational force is sufficiently small compared with the tension force, the equilibrium configuration is a straight line. Many slender engineering elements such as belts, cables, strips, chains, tapes, ropes, and thread lines can be modeled as strings because their bending stiffness is relatively small. If slender engineering elements have rather large bending stiffness, they will be treated as moving beams. Slender engineering elements with curved equilibrium configurations will be treated as moving cables ͑loose strings͒. As for engineering elements that have considerable width, two-dimensional continuum models such as membranes, plates or shells should be used.
The investigations on transverse vibrations and control of axially moving strings have theoretical significance, because an axially moving string is a simplest representative of distributed gyroscopic systems. Axially moving strings, beams, cables, membranes, and plates all fall into the class of axially moving materials. To be more general, they belong to gyroscopic continua that include translating and rotating materials. The term ''gyroscopic'' arose in recognition of an early problem in gyrodynamics. Actually, the Coriolis acceleration component experienced by axially moving materials imparts a skew-symmetric or gyroscopic term to their governing equations. Due to particular characteristics of the gyroscopic term, the approaches developed in analysis and control of transverse vibrations of an axially moving string can be applied to other more complicated distributed gyroscopic systems.
The relevant researches on transverse vibrations of axially moving strings can be dated back to Skutch ͓1͔, or even Aiken ͓2͔. Analysis and control of such vibrations are challenging subjects that have been investigated for many years and are still of interest nowadays. There are several excellent and comprehensive survey papers, notably Mote ͓3͔, Ulsoy et al. ͓4͔, Wickert and Mote ͓5͔, Wang and Liu ͓6͔, Abrate ͓7͔ , reviewing the state of the art in different time phases of investigations related to transverse vibrations of axially moving strings. Hence the present paper emphasizes on the recent development of vibration analysis, although some early results are mentioned for the sake of completeness. Vibration control of flexible structures, including axially moving strings, can be applied by either passive or active methods, or their combinations. Early studies of vibration control focused on system stabilization by passive damping and stiffness. In order to adapt more complicated and time-varying conditions, active vibration controls are widely employed. In this paper, only active controls are discussed.
In this paper, the results available to date are presented and reviewed with the objective to form a complete and detailed representation of current research results on transverse vibrations and control of axially moving strings. The paper is organized as follows. Section 2 focuses on linear vibration of an axially moving string. The governing equation and its modal analysis solution are presented for different constraint conditions. The energetics of an axially moving string is also discussed. In Sec. 3, parametric vi-bration and nonlinear vibration are reviewed. It covers topics of free nonlinear vibration, forced vibration, linear parametric vibration, nonlinear parametric vibration, and coupled vibration. Section 4 is devoted to vibration control, including controllability and observability, the frequency domain analysis and the energy analysis of linear vibration control, nonlinear vibration control, and adaptive vibration control. Section 5 recommends future research directions It should be emphasized that the length of a particular section or subsection does not necessarily reflect the significance of the results contained in it or some bias of the author. It rather reflects the quantity of available results and the amount of space needed to summarize them. Besides, to present research results in a unified framework, some terms and notations in references are changed here.
Linear Vibration

The Governing Equation and Early Results.
The linear model of transverse vibration is restricted by the following assumptions: ͑1͒ The transverse displacement is very small compared to the span length; ͑2͒ the initial tension is sufficiently large so that its variation due to extension of the string is negligible.
The Governing Equation.
Consider a uniform axially moving string of linear density and initial tension P. The string travels at a constant and uniform axial transport speed c between two eyelets separated by distance L. Take only the transverse displacement V(X,T) at time T and axial coordinate X into consideration. If higher order terms are omitted, ‫ץ‬U/‫ץ‬Tϩc‫ץ‬U/‫ץ‬X is the transverse velocity of a material particle on the string. The dynamical equation can be derived from either Newton's second law of motion ͑Swope and Ames ͓8͔͒ or the generalized form of Hamilton's principle for traveling media ͑Archibald and Emslie ͓9͔͒ as
where F(X,T) is the distributed load along the string. Measured by a stationary observer, a material particle on the traveling string experiences the local, Coriolis, and centripetal accelerations, respectively. If the two eyelets are fixed, the boundary conditions are homogeneous and given by V͑0,T ͒ϭ0, V͑L,T ͒ϭ0.
If the two eyelets move in a prescribed way, the system is subjected to the nonhomogeneous boundary conditions defined by
The transformation,
renders the boundary conditions homogeneous, and the excitations at the eyelets are transferred from the boundary to the domain. Thus treating only homogeneous boundary conditions is without losing the generality. However, nonhomogeneous boundary conditions can also be treated by the method of perturbation ͑Pak-demirli and Boyaci ͓10͔͒.
Early
Results. Skutch ͓1͔ first investigated a moving string without excitation and determined its natural frequencies by superposition of two waves propagating in opposite directions. Sack ͓11͔ studied the problem of the moving string subjected to harmonic excitation at one eyelet, and determined its natural frequencies by the resonance relation. Both of them obtained the natural frequencies as
Mahalingam ͓12͔ used the moving string model to study the transverse vibration of power transmission chains. The string is subjected to harmonic excitations at both eyelets, and the excitations are with the same frequency and a phase difference due to the polygonal action on the chain. Chubachi ͓13͔ studied an axially moving string of small stiffness and tension, and developed an iteration approach to calculate natural frequencies. Archibald and Emslie ͓9͔ modeled a belt traveling from the eccentric pulley to the smooth pulley as a moving string excited by a harmonic eyelet motion. They considered the effects of axial speed on the frequency spectrum and eigenfunctions, and found the natural frequencies decreases with the axial speed, and the moving string experiences divergence instability at sufficiently high speed. Miranker ͓14͔ presented a modal representation free vibration of an axially moving string, and applied boundary-layer theory to forced vibration excited at its ends. Swope and Ames ͓8͔ applied the theory of characteristics to explore the nature of wave propagation in the string under boundary excitation. They predicted erratic string behavior near a critical speed ͑the characteristic wave speed of the medium͒ for periodic boundary excitation.
Modal Analysis.
Modal analysis is a powerful method to deal with linear vibration ͑Meirovitch ͓15,16͔͒. Although the modal analysis method was developed to study discrete gyroscopic systems ͑Meirovitch ͓17,18͔͒ or continuous gyroscopic systems ͑D'Eleuterio and Hughes ͓19͔ and Hughes and D'Eleuterio ͓20͔͒ to which a moving string belongs, it is Wickert and Mote ͓21͔ who first treated transverse vibration of a moving string by use of the modal analysis. They obtained exact closedform expression of the response of a moving string to arbitrary excitation and initial conditions.
Modal Analysis Solution.
Equations ͑1͒ and ͑2͒ can be written in the dimensionless symbolic form
v͑ 0,t ͒ϭ0, v͑ 1,t ͒ϭ0.
In Eq. ͑6͒ the mass, gyral, and stiffness operators are introduced as
where I is the identity operator. In Eqs. ͑6͒, ͑7͒, and ͑8͒
Equation ͑6͒ can be cast in a canonical state space form defined by a symmetric and a skew-symmetric differential operator. 
where the Green's function is given by 
The initial condition are v͑ x,0͒ϭa͑x ͒, ‫ץ‬v ‫ץ‬t ͑ x,0͒ϭb͑x ͒,
and H(t) is the Heaviside function.
Applications of the Modal Analysis Solution.
Wickert and Mote ͓21͔ not only completely solved the linear vibration problem of a moving string, but also laid the foundation for studying vibrations of moving strings under complicated constraints or coupling and studying nonlinear vibrations of moving strings by approximate analytical methods. Wickert and Mote ͓22͔ further used their speed-adapting modes to make the Ritz discretization more effective. However, Jha and Parker ͓23͔ pointed out that this approach suffers poor convergence at supercritical speeds and guarantees no upper bound approximations.
Renshaw and Mote ͓24͔ carried out the modal analysis for general gyroscopic systems with the emphasis on local stability near vanishing eigenvalues, in which the axially moving string was treated as an example.
Kao et al. ͓25͔ modeled wiresaw manufacturing processes as a moving string under a pointwise sinusoidal excitation, and obtained the closed-form response by the modal analysis. Wei and Kao ͓26͔ further presented the closed-form response under multiple excitations with different frequencies. They also applied the Galerkin method using the stationary system basis functions to discretize the problem and to give numerical solutions.
Complicated Constraints.
The displacement boundary conditions defined by Eqs. ͑2͒ or ͑3͒ are the basic type of constraints to which axially moving strings subject. Resent investigations considered more complicated constraints acting on moving strings. When more complicated constraints are concerned, some terms or some operators should be added to Eq. ͑6͒ for the axially moving string with boundary conditions only at two ends. A few examples of such governing equations are given in the following. Strictly, some complicatedly constrained problems are nonlinear because they concern piecewise linear stiffness or damping. However, the main approaches to linear models are still applicable, such as modal analysis and frequency-domain analysis, and those systems exhibited the characters of linear systems.
Transfer Function Approach.
Transfer function is an efficient approach to treat distributed parameter systems, especially those under certain constraints. Traditionally, this method regards a distributed system as an assembly of distributed elements, and requires the satisfaction of both the displacement and force boundary conditions at the subsystem interfaces. Tan and Chung ͓27͔ developed a generalized displacement method to evaluate the free and force response of constrained distributed parameter systems. The method only needs to impose generalized force constraints because the continuity of generalized displacements at the interfaces is embedded in the formulation. Addition to other examples ͑Chung and Tan ͓28͔͒, they applied the method to an axially moving string on a uniform elastic foundation and a point spring.
Additional Elastic
Supports. Some researches focused on a string axially moving on some discrete springs and a distributed elastic foundation. For the axially moving string described in Sec. 2.1, add a partially distributed foundation of stiffness per unit length K extending over the interval D l рXрD r and N discrete elastic supports of stiffness K i located at D i . The nondimensional form of the governing equation can be written as ͑Parker ͓29͔ and
where
and ␦ is the Dirac function. Compared with Eq. ͑6͒, Eq. ͑13͒ has new stiffness terms accounting for additional springs. Perkins ͓29͔ obtained the closed form of free response of a string translating across elastic foundation represented by a single interior spring or a uniform step foundation, and forced response excited by a harmonic end motion over a complete uniform foundation. The results showed the dependence of the moving string natural frequencies and mode shapes on the foundation stiffness, the foundation geometry, and the string translation speed. Wickert ͓30͔ determined the natural frequencies and the eigenfunctions and then provided the closed form expressions for the responses to arbitrary excitation and initial conditions for the string traveling on a complete uniform elastic foundation. Xiong and Hutton ͓31͔ regarded the translating strings as a special case of rotating circular string constrained by pointed or distributed springs, and constructed an approximate formulation using the Rayleigh-Ritz method. Tan and Zhang ͓32͔ employed the transfer function formulation ͑Yang and Tan ͓33͔͒ and the generalized displacement method ͑Tan and Chung ͓27͔͒ to derive the exact free and harmonic end excited response and transient wave propagation characteristics. Parker ͓34͔ treated an axially moving string on an elastic foundation as a special case of gyroscopic continua and determined the critical speed and the stability conditions. Saeed and Festroni ͓35͔ determined the natural frequencies and the mode shapes of an axially moving string constrained by discrete springs based on the idea that the string is subdivided into small equispaced subsystems so that all the arbitrarily located pointwise discontinuities appear as acting at subsystem interfaces. Riedel and Tan ͓36͔ used the transfer function method to formulate the free response of a moving string constrained by an intermediate elastic support. They found that mode localization increases with the translation speed and the localization is strongest as the critical speed is approached unless the spring stiffness is large. Parker ͓37͔ investigated in detail the stability of an axially moving string constrained by a discrete or distributed elastic foundation. He identified analytically that the constrained moving string has many ͑finite for discrete springs and infinite for distributed foundation͒ critical speeds, and the string always exhibits divergence instability above the first critical speed. Jha and Parker ͓23͔ considered spatial discretization of an axially moving string on the completely distributed elastic foundation. They found that spatial discretization of the string leads to inaccurate and misleading results.
Other Types of Complicated
Constraints. In addition to elastic foundations, there are other types of complicated constraints. Cheng and Perkins ͓38͔ considered the response under free or harmonically forced boundary conditions of an axially moving string drawn through a dry friction guide and found in the eigenvalue spectrum some unusual features such as multiple divergence instabilities, regions of flutter instability and regions of curve veering associated with mode localization. Huang and Mote ͓39͔ investigated an axially moving string damped by a thin viscous fluid layer between the string and a rigid surface. The governing equation is
where L is a symmetric operator accounting for fluid coupling, and C(‫ץ‬v/‫ץ‬xϩ‫ץ‬v/‫ץ‬t) is a viscous damping force. They used a slowly-varying parameter method to present the stability boundary in parameter space and responses of the possibly unstable modes near the stability boundary. Chen ͓40͔ studied an axially moving string in contact with a stationary load system that contains mass, stiffness, viscous, and dry friction. Based on the orthogonal eigenfunction expansion method, he presented a numerical procedure to determine the effects of various load parameters on the natural frequencies and the stability of the system. Tan and Ying ͓41͔ employed the Laplace transform to obtain an exact solution for the response of an axially moving string with general boundary conditions that may be fixed, free, spring, dashpot or mass. The boundary effects are included by the use of compliance functions. They also interpreted the response in terms of wave propagation, and constructed propagation functions. Saeed ͓42͔ studied an axially moving string constrained by a spring-mass-damper stationary system and a point controller, and used the Laplace transform to convert the obtained response in the frequency domain into the time domain. Le-Ngoc and McCallion ͓43͔ provided the explicit dynamic stiffness matrix for transverse vibration of an axially moving string, and calculated the exact eigenvalues of the string in contact with a stationary load system.
Eigenvalue Inclusion
Theorems. Extending Rayleigh's ͓44͔ classical results, Yang ͓45͔ proved a few eigenvalue inclusion theorems for distributed gyroscopic system based on the transfer function formulation. He studied the effects of five types of nondissipative constraints, namely a spring attached, a mass attached, fixed displacement or slope at a point, a mass connected by a spring, and a mass-spring system attached, on the system natural frequencies. The axially moving string is treated as an example.
Coupled Vibration.
Some engineering systems are characterized by axially moving strings interacting with discrete components. Such systems include an axially moving string with an inertial payload such as aerial tramways, ski lifts, and monocable ropeway, and a few axially moving strings with rotational inertia parts such as flat belt drive systems. These systems have a similar physical nature as an axial moving string under complicated constraints. In both cases, a wave propagating along the string will partly transmit through, and partly reflect from, attached components or constraints, and thus the transverse vibrations are characterized by complex multiple wave scattering. However, there is a certain difference in the mathematical description. The dynamics of discrete components must be taken into consideration. The resulting dynamical equations will be coupled with Eq. ͑6͒ for the axially moving string. That is, some new additional equations are needed to describe the coupled vibration.
Coupled With an Inertial
Payload. An axially moving string with an inertial payload can be modeled as an axially moving string-particle system. Wickert and Mote ͓46͔ first studied this problem. For the large span length, the free vibration is represented as d'Alembert waves scattered by the point mass. For the finite span length, the free vibration is solved as an approximate eigenvalue problem for small transport speed and small particle mass. The solution is compared with the numerical integration of the discretized equation. Wickert and Mote ͓47͔ further studied the forced vibration of an axially moving string with a mass. The motion of the string is governed by a revised form of Eq. ͑1͒
where R(T) is the unknown string-particle interaction force, and g is the gravity constant. The transverse displacement Y (T) of the particle satisfies
where m is the mass of the particle, and Q(T) is the prescribed excitation acting on the particle. Compared with Eq. ͑1͒, Eq. ͑16͒ has an additional term due to the coupling with the particle. They applied the modal analysis and Green's function ͑Wickert and Mote ͓21͔͒ to derive a Volterra integral equation respect to R(T) with delay. The interaction force changes abruptly when waves propagating along the string reached the particle. They presented the asymptotic solution for small discrete mass and the numerical solution of the response to arbitrary initial conditions and external excitation. The experimental results supported their analysis. Lee and Renshaw ͓48͔ presented a new complex eigenfunction expansion method based on Renshaw ͓49͔ to solve numerically the moving mass problem, in which they treated the mass as a constraint. Zhu and Mote ͓50,51͔ studied free and forced transverse vibration of an axially moving string interacted by a damped linear oscillator and excited at a support. In this case, Eq. ͑18͒ was replaced by
where K and C are, respectively, the stiffness and damping constants of the spring suspending the mass. They applied the theory of generalized functions to treat the discontinuities of the interaction force given by the delay-integro-differential equation, which occurs at the instants when transverse wave fronts propagating along the string interact with the oscillator. They also developed numerical algorithms to compute the integrals involving generalized functions and the solution of the delay-integro-differential equation. Tan et al. ͓52͔ used the transfer function formulation to analyze transverse vibration of an axially string coupled to hydrodynamic bearings.
Coupled With Rotational Inertia Parts.
Coupled vibration occurs in serpentine belt drive systems. Actually, in the belt drive systems, there are two distinct types of system vibration, namely, transverse vibrations in various belt spans, and rotational vibrations of pulleys with the belt spans serving as coupling springs. Aiken ͓2͔ first considered the belt drive system from the view of axially moving continua. Mote ͓53͔ first accounted for the finite rigidity of the support in practical applications, and considered the interaction of the belt with the support system. However in their investigations, the belt was treated as a beam instead of a string. Transverse vibrations of belt spans can be regarded as an example of an axially moving string.
The rotational vibrations of belt drive systems can be studied on the assumption that the rotational and transverse motions are uncoupled. For examples, Hwang et al. ͓54͔ proposed a general model for the rotational response of the entire belt drive system and applied the results to predict the onset of belt slip. In addition, Kraver et al. ͓55͔ applied the complex modal procedure to analyze the damped belt drive system.
While the assumption of uncoupling is true for fixed-center pulley systems, it is only an approximation for a belt drive system containing a dynamic tensioner that is a moving-center pulley with a bar rotating about a fixed point. Beikmann et al. ͓56͔ developed a prototypical model composed of two pulleys and a tensioner to examine the coupling mechanism. They applied a twolevel iteration based on Holzer's method to tackle the eigenvalue problem, and determined the natural frequencies and mode shapes of an operating serpentine belt drive system. Modal test on an experimental drive confirmed the theoretical predictions. Zhang and Zu ͓57͔ and Zu and Zhang ͓58͔ investigated the abovementioned prototypical model by the modal analysis, and obtained the response of the system to arbitrary excitations and initial conditions as the superposition of orthogonal eigenfunctions. They also derived the exact solution without using eigenfunction expansion for the non-resonance harmonic excitations. Zhang et al. ͓59͔ developed a complex model analysis of non-self-adjoint hybrid system to study serpentine belt drive systems with damping. The system, shown in Fig. 1 , consists of two large fixed-center pulleys and a small pulley with its center linked by a bar to and rotating about a fixed point. The entire system can be divided into two uncoupled subsystems: span 3 only as subsystem 1 and all the other parts of the system as subsystem 2. The subsystem 1 is governed by the equation in operator form
The subsystem 2 is governed by the equation in matrix operator form
In Eq. ͑20͒, the matrixes or vectors are defined by where
For the belt, w j is the transverse deflection in span j from equilibrium, m, E, A, , and c are, respectively, the mass per length, the Young's modulus, the cross-section area, the coefficient of Kelvin viscoelastic model and the speed of the belt, l j is the length of span j, P o j is the operating tension in span j, and f j (x,t) is the external excitation on span j. For the pulleys and the tensioner arm ͑regarded as pulley 4͒, J i is the moment of inertia of pulley i and M i (t) is the dynamic component of the applied moment on pulley i. D is the equivalent viscous damping coefficient of the damping force acting on the tensioner arm, and k r is the rotational stiffness of the tensioner spring. Equation ͑22͒, as a hybrid non-self-adjoint system, is an assembly of the governing equations, in the form of Eq. ͑6͒, of two string spans and the dynamical equations of two fixed-center rotating pulleys. Zhang et al. ͓59͔ established the relationship between the original mode shape and the adjoint state space eigenfunctions, which makes it possible to obtain the closed-form characteristic equation of eigenvalues. They presented the modal expansion expression solution for dynamic response of the non-self-adjoint hybrid system to arbitrary external excitations and initial conditions. Numerical simulations indicated that the natural frequency increases with the decrease of the engine speed and with the growth of the initial tension, and that there exists an optimum damping value at which the vibration decays the fastest.
Coupled With Constraints.
The coupled vibration occurs in a complicatedly constrained axially moving string if the dynamics of the constraint is taken into consideration. Zhu and Mote ͓51,60͔ treated the transient response of an axially moving string in contact with a flexible constraint with mass, stiffness and damping. They derived the governing equation of the dynamic contact force component from the Green's function expression for a fixed-fixed end moving string. They found that discontinuity of the initial velocity at a boundary of the string due to a disturbance causes discontinuity in the contact force at any constraint that is not modeled by a single spring element. Zhu et al. ͓61͔ developed a new spectral analysis for the asymptotic locations of eigenvalues of the system treated in Zhu and Mote ͓51,60͔. Asymptotic solutions for the eigenvalues were determined from the characteristic equation of the coupled system for all constraint parameters. They showed that an infinite number of eigenvalues approach the imaginary axis although all of them have strictly negative real parts. Lakshmikumaran and Wickert ͓62͔ studied an axially moving string guided by an air bearing with a given profile formed between the string and a rigid surface. The pressure of the bear is governed by a single integro-differential equation. They applied the Green's function to obtain the response of the axially moving string, and applied the Galerkin's method to discretize the pressure to yield a matrix eigenvalue problem. Their approach increases the computational speed. Laboratory experiments support the model's predictions with regard to the dependence of the system's natural frequencies on the string transporting speed, and on the location of the bearing surface within the string's span.
Energetics.
The total mechanical energy associated with an axially moving string that travels between two supports is not constant. It is a fundamental feature of the free transverse vibration of axially moving strings, while the total energy is constant for an undamped nontranslating string.
Change of the Total Mechanical Energy.
Chubachi ͓13͔ first discussed periodicity of the energy transfer in an axially moving string. Miranker ͓14͔ analyzed energetics of an axially moving string, and derived an expression for the time rate of change of the string energy from Eq. ͑1͒ without the external excitation as
where E is the total mechanical energy of the string between the supports. In general, Eq. ͑25͒ is not zero. Roos et al. ͓63͔ considered heat transfer to the moving string in the energy analysis. Wickert and Mote ͓64͔ pointed out that Eq. ͑25͒ represents the local rate of change only because it neglected to account for energy flux at the supports. The temporal variation of the energy is related to the local rate of change via application of the onedimensional transport theorem as
where the total mechanical energy density
Hence they obtained the time-rate of change of energy with fixed boundary conditions dE dT
The instantaneous velocity of the material particle, multiplied by the transverse component of the string tension, gives energy flux into the string. They also calculated the temporal variation of energy associated with the string modes. Thus the axially moving string is nonconservative in the sense that the total energy is not, in general, constant. Actually, the special nonconservative nature of the axially moving string lies in that there are not any dissipative terms in Eq. ͑1͒, and that Hamilton's principle is applicable because the forces that act on elements of a moving string are derivable from a scalar potential function. Renshaw ͓65͔ examined behavior of the total mechanical energy of two prototypical winching problems, which provided strikingly different examples of the energy flux at a fixed orifice of an axially moving system. Lee and Mote ͓66͔ presented a generalized treatment of energetics of translating continua, including an axially moving string. They considered the case that there were nonconservative forces acting on two boundaries. The time-rate of change of the total energy is expressed by the one-dimensional transport theorem
Compared with Eq. ͑26͒, the last newly additional term of Eq. ͑29͒ denotes energy flux into the string crossing the supports by nonconservative forces at the boundaries, which vanishes for fixed supports. Thus the string segment passing through a downstream fixed boundary gains energy, and it loses energy at an upstream one. For the viscous damped supports, they used traveling wave solutions to calculate the energy transfer at a downstream boundary and a upstream one, and to determine the optimal damping coefficient for complete wave dissipation that has the stabilizing effect. Lee and Mote ͓67͔ investigated energy transfer and mode localization in an axially moving string constrained by a stationary spring-mass-damper system. They found that the string tension and the nonconservative centrifugal force at the constraint result in energy transfer between the axially moving string and the stationary constraint. They calculated energy contained in a traveling wave before and after interacting with the constraint so that energy transferred at the constraint was quantified in terms of constraint parameters. At an undamped constraint, energy is transmitted when a downstream wave impinges on the constraint. At a damped constraint, energy dissipated by damping and energy fluctuated by the tension and centrifugal force make the energy change at the coupling point. The maximum energy dissipation is 50% of the incoming wave energy, which is achieved for the damping coefficient as twice the impedance of the string. Renshaw et al. ͓68͔ examined the energy of an axially moving string from both Lagrangian and Eulerian views. The Eulerian functional for the total mechanical energy in the span (0,L) is
Alternatively, the Lagrangian functional for total mechanical energy of the set of particles between cT and cTϩL is
which is defined only at Tϭ0. At Tϭ0, E E ϭE L , but the time-rate of change are distinct. Actually, the time-rate of change of the Eulerian functional for the total mechanical energy is
while the time-rate of change the Lagrangian functional for total mechanical energy at Tϭ0 is given by Eq. ͑28͒.
Conserved Functionals.
Although both the Eulerian and Lagrangian functionals for the total mechanical energy of an axially moving string are generally not constant, there do exist alternative functionals that are conserved. Miranker ͓14͔ showed that the Eulerian functional (33) is a constant for the axially moving strings. Renshaw et al. ͓68͔ presented the conserved Lagrangian functional
3 Nonlinear and Parametric Vibrations 3.1 Governing Equations. The linear theory of transverse vibration of an axially moving string is only applicable to smallamplitude motion. In addition, the string must consist of linear material. Otherwise, the geometric and physical nonlinearities should be taken into consideration. Besides, there exist nonlinear forces such as Coulomb friction. In many cases, the linear analysis is shown to be seriously in error because of its relatively limited range of applicability. Hence it is necessary to carry out nonlinear analysis. The analysis is based on the governing equation, usually a set of nonlinear partial differential equations.
Mixed Eulerian-Lagrangian Formulation. Mote ͓69͔
first published a treatment on nonlinear vibration of an axially moving string. He applied Hamilton's principle to develop a governing equation including the linear elastic effect and geometric nonlinearity. In the derivation, he assumed the spatial derivatives of longitudinal displacement to be small, and hence to be ignored. This results in a nonlinear partial-differential equation governing the transverse vibration. The equation takes the form
where E is Young's modulus, A is the cross-section area, and all other nomenclatures are the same as those in Sec. 2.1.1. Compared with Eq. ͑1͒, a new nonlinear term appears in Eq. ͑35͒. Thurman and Mote ͓70͔ applied Hamilton's principle to axially moving beams without the assumption of small spatial derivatives of longitudinal displacement, leading to a set of governing equations for longitudinal and transverse motion. In their study, the deformation of beam is confined to the vertical plane. If the bending stiffness is neglected, the equation reduces to the governing equations for longitudinal and transverse motion of an axially moving string as
where U(X,T) is the longitudinal displacement at time T and axial coordinate X related to coordinates translating at speed c. Equation ͑36͒ indicates that the longitudinal motion and the transverse motion of an axially moving string are generally coupled in the nonlinear model. If the coupling is not taken into consideration and ‫ץ‬V/‫ץ‬X is so small that only 2 order terms need to be retained, Eq. ͑36͒ leads to Eq. ͑35͒.
Eulerian Formulation. Ames et al. ͓71͔
developed another type of the governing equations. They began from an application of Newton's second law to a small length of string and derived four simultaneous partial differential equations regarding the axial momentum, transverse momentum, mass tension relation, and continuity. They are a set of nonlinear hyperbolic partial differential equations whose dimensionless forms are m͑TϩV ͒ϭBN,
‫ץ‬v ‫ץ‬t ϩv ‫ץ‬v
where w, v, m, T, x, t, B, and N are, respectively , transverse displacement, velocity, density per unit length, tension, distance, time ͑all dimensionless͒, and two physical constants. Lee ͓72͔ developed an alternative formulation for the plane vibration by choosing a set of new description variables, which is sometimes better. Kim and Tabarak ͓73͔ considered a similar formulation based on continuity equations, momentum equations, and masstension equations.
Comparisons and Possible
Extensions. Koivurova and Salonen ͓74͔ reviewed and clarified nonlinear formulations for the axially moving string problem, especially its kinematic aspects. In their view, the description used by Mote ͓69͔ and Thurman and Mote ͓70͔ is based on the mixed Eulerian-Lagrangian formulation, while that of Ames et al. ͓71͔ is Eulerian. In the traditional Eulerian description, the variable w(x,t) is the transverse displacement of the string material element instantaneously located at x. The mixed Eulerian-Lagrangian formulation possesses a longitudinal displacement U(X,T) related to coordinates translating at speed c, and the transverse component V(X,T) is related to a spatial frame.
The above-mentioned two approaches to formulate the nonlinear vibration can be extended to three-dimensional vibration of an axially moving string. The governing equation for forced vibration can be derived by adding the distributed loading along the string. In addition, Eqs. ͑35͒, ͑36͒, and ͑37͒ are for linear purely elastic strings, and governing equations for other strings can be obtained by incorporating the constitutive law of material.
Free Nonlinear Vibration.
If neither boundary disturbances nor internal distributed excitations apply on the string, and large amplitude should be considered, free nonlinear vibration occurs in transverse motion of an axially moving string. Early researches focused on applications of the method of characteristics to analyze the governing equation. Recent studies treated nonlinear vibration of viscoelastic moving strings by the method of multiple scales as well as numerical methods.
Theory of Characteristics.
The theory of characteristics is a powerful method to solve partial differential equations numerically or analytically ͑Courant and Hilbert ͓75͔͒. Swope and Ames ͓8͔ first applied the method to linear vibration of an axially moving string under a boundary excitation. Mote ͓68͔ applied the method to Eq. ͑35͒ to determine the fundamental period of vibration as a function of the dimensionless initial tension and the axial speed. He noted that the nonlinearities neglected grow in importance with the increasing translation speed. Lee ͓71͔ analyzed the physical meaning of the characteristic relation in the twodimensional case. Ames and Vicario ͓76͔ presented equivalent forms of Eq. ͑37͒ by transformations, employed quasilinear theory to solve exactly an example of pure initial value problem of the longitudinal wave propagation, and displayed the effect of a critical speed on the system. Ames et al. ͓77͔ further investigated the longitudinal wave propagation on a moving string. They presented a more general formulation wherein the extension ratio was employed together with a nonlinear constitutive law. They applied the theory of Lax ͓78͔ and Jeffrey ͓79͔ on nonlinear hyperbolic partial differential equations to some specific examples to examine the evolution of discontinuities from smooth initial data. Kim and Tabarak ͓73͔ solved the governing equation similar to Eq. ͑37͒ by the method of characteristics, and discussed in detailed the nature and the physical interpretation of the characteristic lines.
Approximate Analytical Methods.
Several approximate analytical methods of nonlinear oscillations ͑Bogoliubov and Mitropolsky ͓80͔ and Nayfeh and Mook ͓81͔͒ are applied to analyze free nonlinear vibration of an axially moving string. Bapat and Srinivasan ͓82͔ used the method of harmonic balance to derive the approximate period-tension relationship of 1-term Galerkin truncated systems of Eq. ͑35͒ and a simplified version of Eq. ͑37͒. Bapat and Srinivasan ͓83͔ also applied a direct linearization method to a moving string. Mote and Thurman ͓84͔ employed a hybrid discretization and perturbation method ͑Thurman and Mote ͓70͔͒ to present linear and nonlinear modes of an axially moving string, and found that the influence of nonlinearities on the fundamental mode increases with the transporting speed. Ghangrekar ͓85͔ utilized the method of harmonic balance to obtain the approximate analytical form of period-tension relationship for Eq. ͑35͒. Korde ͓86͔ applied a time transformation method ͑Burton and Hamdan ͓87͔͒ to present the period-amplitude-tension relationships for Eq. ͑35͒ and two special cases of Eq. ͑36͒, while he analyzed only the fundamental mode.
The early applications of approximate analytical methods were based on the discretization of partial differential equations. There exists an alternative direct perturbation method that treats the continuous nonlinear governing partial equation directly. Nayfeh et al. ͓88͔, Pakdemirli ͓89͔, Pakdemirli and Boyaci ͓90͔, Pakdemirli et al. ͓91͔, and Nayfeh et al. ͓92͔ showed that there are discrepancies between the two approaches for principal, subharmonic, and superharmonic resonance of some other nonlinear systems instead of axially moving string. Wickert ͓93͔ applied the asymptotic method of Krylov, Bogoliubov, and Mitropolsky ͑Bo-goliubov and Mitropolsky ͓80͔͒ to analyze longitudinal vibration of an axially moving string. Such motion of audio tapes can modulate at high frequency a recorded or replayed signal ͑Majew-ski ͓94͔͒. Wickert ͓93͔ presented the response of the frictionally damped string, which was confirmed by numerical simulations, and found that self-excitation vibration occurs for axially transporting speed of the string below a certain value.
Viscoelasticity.
Viscoelastic damping is becoming widely applied for vibration and noise suppression in various industries such as automotive, aerospace, computer peripherals and propulsion because viscoelastic materials offer a wide range of possibilities for producing desired levels of damping in machines and structures ͑Jones ͓95͔͒.
Zhang and Zu ͓96͔ applied the method of multiple scales to study the free nonlinear vibration of an axially moving viscoelastic string. The material of the string is constituted by the Kelvin viscoelastic model. They treated the governing equation as a continuous autonomous gyroscopic system with weak nonlinearity. They derived the first order asymptotic solution from the solvability condition. They found that the damping introduced by the viscoelastic model has an important influence on the amplitude of response while it has no significant effect on nonlinear natural frequencies. Therefore, materials with strong viscoelastic property can effectively reduce the vibration of string without suffering from greatly reduced natural frequencies.
Hou and Zu ͓97͔ developed the method of multiple scales to analyze free vibration of an axially moving string governed by a set of coupled nonlinear partial differential equations. They adopted the standard linear solid model containing three elements to represent the string material property. Based on the assumption that the coupling with the longitudinal motion can be ignored, the equation of transverse motion of the string is derived from Newton's second law as
For the viscoelastic string constituted by the differential relations, the disturbed stress (X,T) is connected with the disturbed Lagrangian strain
by the linear constitutive law
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where P V and Q V are linear differential operators with respect to time ͑Christensen ͓98͔͒. Here the Lagrangian strain is used to account for geometric nonlinearity due to small but finite stretching of the string. It is recognized from Eq. ͑38͒ that the damping due to the viscoelasticity of string material exists only in nonlinear terms, and thus there is no linear contribution. Hou and Zu ͓97͔ considered the standard linear solid model for viscoelasticity defined by
in Eq. ͑40͒. The standard viscoelastic model degenerates to the Kelvin solid model defined by
in Eq. ͑40͒ if letting E 1 →ϱ and E 2 ϭE, and to Maxwell fluid model defined by
in Eq. ͑40͒ if letting E 2 ϭ0 and E 1 ϭE. They treated (X,T) as a new variable and solved the simultaneous partial differential Eqs. ͑38͒ and ͑40͒ ͓inserted into Eqs. ͑39͒ and ͑41͔͒ by the method of multiple scales. They presented the amplitude and the frequency of the free nonlinear vibration. They found that either larger stiffness constant E 1 or smaller stiffness constant E 2 leads to larger vibration amplitude, and increasing the dynamic viscosity to certain value benefits vibration reduction. Hou and Zu ͓99͔ also studied the free nonlinear vibration of an axially moving string constituted by the Maxwell-Kelvin fluid model defined by
in Eq. ͑40͒. Zu and Hou ͓100͔ presented a general solution of free nonlinear vibration of an axially moving string, and compared the similarity and difference among different viscoelastic models given be Eqs. ͑41͒-͑44͒ via numerical examples. For small stiffness constants, dynamic viscosity and initial tension, the free nonlinear vibration of an axially moving string can be regarded as a harmonic motion in finite time span. The amplitudes and frequencies calculated from all four models are close to each other with negligible discrepancy. For large stiffness constants, dynamic viscosity and initial tension, the standard model predicts the largest amplitude, which is slightly larger than that predicted by the Maxwell model or the Maxwell-Kelvin model, while the Kelvin model predicts the smallest amplitude. For most of the moving speeds, the frequency predicted by Maxwell-Kelvin model is larger than those given by the other three modes.
Numerical Methods.
Numerical methods are an important approach to study nonlinear problems. Moustafa and Salman ͓101͔ developed a numerical scheme to solve nonlinear partial differential equations governing free vibration of an axially moving string. Based on the discretization of spatial variable and temporal variable by the central difference, they presented an iterative algorithm that the error can be bounded to any desirable value as long as convergence is assured. Their numerical simulations indicated that the fundamental frequency decreased with the axial speed, and the maximum tension in the string increases with the axial speed. Chen et al. ͓102͔ proposed a new finite difference approach in which the stress is treated as an auxiliary unknown employed to discretize spatial variables in both the governing equation and the constitutive law. The derived discretized model is a set of differential-algebraic equations that can be numerically solved by standard schemes ͑Brenan et al. ͓103͔͒. Simulation results showed that both amplitudes and frequencies of free nonlinear vibration of an axially moving string decrease with the growth of the axial transport speed. That modified finite difference approach can be easily converted to more complicated constitutive laws and boundary conditions although only the linear elastic strings and the homogeneous boundary conditions are treated there.
Other Results.
There are other researches related to free nonlinear vibration of an axially moving string. Fung et al. ͓104͔ proved the asymptotic stability of damped free nonlinear vibration of an axially moving string. The governing equation is Eq. ͑35͒ added to a viscous damping force term c v (‫ץ‬U/‫ץ‬T ϩc‫ץ‬U/‫ץ‬X), where c v is the viscous damping coefficient. They demonstrated that the energy of the system is nonincreasing, and hence the system is stable. They used the infinitesimal transformation group admitting the Lie structure to construct groupinvariant solutions. Hence they reduced the governing equation to a second-order ordinary differential equation that has only zero solution under the fixed boundary condition.
Chen and Zu ͓105͔ defined the Eulerian functional of the total mechanical energy for nonlinear vibration of an axially moving string governed by Eq. ͑35͒ as
and derived from Eq. ͑35͒ that the time-rate of change of the total mechanical energy for the string under no vibrating boundary conditions is
Obviously, Eqs. ͑30͒ and ͑32͒ for linear vibration is a special case of Eqs. ͑45͒ and ͑46͒, respectively, if the high order term is omitted. They also calculated the time-rates of change of the Eulerian and Lagrangian functionals, the total mechanical energy for strings under general displacement boundary conditions. Chen and Zu ͓106͔ presented the conserved Eulerian functional
that is a constant for axially moving strings. If the higher order term is neglected, Eq. ͑47͒ leads to Eq. ͑34͒. The conserved functional can be used to check the numerical algorithm for free nonlinear vibration of an axially moving string ͑Chen et al. ͓102͔͒ and to prove the stabililty ͑Chen and Zhao ͓106͔͒.
Forced Nonlinear Vibration.
Forced nonlinear vibration occurs in transverse motion of an axially moving string with the geometric or physical nonlinearities under internal distributed excitations or boundary disturbances. For the string applied by given distributed excitations, the governing equation can be one of Eqs. ͑35͒, ͑36͒ or ͑37͒ added to loading terms. For the string excited by the prescribed boundary motion, the transformation defined by Eq. ͑4͒ can be used to change the nonhomogeneous boundary conditions into homogeneous ones, and a loading term will appear in the governing equation as a consequence.
Three-Dimensional Motions.
Vibration of an axially moving string under planar boundary excitation may exhibit a three-dimensional response. Such motion is referred as ''ballooning.'' The ballooning motion is a striking nonlinear phenomenon that cannot be explained by linear vibration theory.
Ames et al. ͓71͔ experimentally examined the ballooning motion of an axially moving string, and observed some important properties. The string appears to be twisted in space and its envelope at any position has an elliptic cross section whose major axis lies in the direction of the excitation. The ballooning motion has a tendency to maintain a constant tension in the string. The motion is stable as long as the configuration is elliptical. If the envelope reaches a circular cross-section, the equilibrium is disturbed and the motion breaks down, and it eventually jumps to a secondmode plane motion. Their experiment also showed that the axially moving string displays other characteristic nonlinear behavior such as velocity jumps. They investigated analytically some simplified versions of Eq. ͑37͒. They presented an exact solution for circular ballooning and an exact solution for a constant tension and hence constant mass process. They also explained theoretically how energy is coupled from the plane to the vertical component.
Shih ͓107͔ analytically treated the steady configuration of the ballooning motion of an axially moving string. He used cylindrical coordinates to analyze the condition for the existence of the solution for an equilibrium state. He proved a few statements that account for the experimental results observed by Ames et al. ͓71͔. He also presented two families of characteristics in the general case of three-dimensional motion, and discussed the occurrence of singularities and the breakdown of solution. Shih ͓108͔ further investigated the steady configuration of elliptic ballooning motion of an axially moving string. Based on the experimental observation of ballooning motion at equilibrium ͑Ames et al. ͓71͔͒, he only considered constant mass and hence constant tension. He derived three invariants of motion from the governing equation and the periodic condition. He presented general solutions for axial speed of the string and the speed of wave propagation, and a set of particular solutions with physical meaning. He analyzed the properties of solutions for the transverse displacement in the characteristic plane.
Approximate Analytical Methods.
A few approximate analytical methods of nonlinear oscillations are applied to analyze the forced nonlinear vibration of an axially moving string.
Moon and Wickert ͓109͔ applied the averaging method of Krylov, Bogoliubov, and Mitropolsky to study the forced nonlinear vibration of an axially moving string excited by harmonic motion of two ends. Such system is a model of power transmission belts excited by pulleys having slight eccentricity. Laboratory measurements demonstrate the role of nonlinearity in setting the belt's response, particularly in the near-resonance region, and at high running speeds. They used the model called the Kirchhoff ͓110͔ nonlinear string, whose longitudinal displacement is given by
and hence the transverse motion is governed by
Actually, Kirchhoff's nonlinear string model is based on the following assumptions: ͑1͒ both the transverse displacement and the longitudinal displacement are finite but small, and hence the Lagrangian strain can account for the geometric nonlinearity; ͑2͒ the string stretches in a quasi-static manner, that is, PӶEA, and c 2 ӶEA. Under such conditions, no interaction will occur between these transverse modes and the longitudinal modes in the lower-order transverse modes, and the longitudinal inertia can be neglected as a consequence. Therefore, Eq. ͑36͒ can be reduced to Eqs. ͑48͒ and ͑49͒. In fact, Eq. ͑49͒ can be derived from Eq. ͑35͒ under the quasi-static assumption ͑Chen and Zhao ͓106͔͒. For given time-depending boundary conditions, the equation after transformation ͑4͒ contains an external excitation term. Moon and Wickert ͓109͔ developed a modal perturbation solution for the resulting continuous, nonautonomous, gyroscopic system with weakly nonlinear stiffness to obtain the response in both the nearand exact resonance regions. They derived the closed form expressions for the vibration amplitude and phase. The analytical results were compared with those obtained by laboratory tests and by numerical simulations based on 1-term Galerkin truncation.
Zhang and Zu ͓111͔ applied the method of multiple scales directly to analyze the forced nonlinear vibration of an axially moving viscoelastic string excited by harmonic motion of one end. The system is a model of a belt on pulleys, and under the assumption of no slip, the rotational frequency of the pulley with the eccentricity, served as the frequency of the excitation frequency, is proportional to the belt speed. The Kelvin model is chosen to describe the viscoelastic property of the string material. From the solvability condition, they derived a set of algebraic equations determining the amplitude and the phase of the nearand exact-resonant steady state response. They found that the moving speed of the string has a significant effect on the steady state response because both the linear natural frequencies and the excitation frequencies depend on the speed. They also compared the results obtained with the quasi-static assumption and those without the assumption.
Numerical Methods.
Forced nonlinear vibration of an axially moving string has also been explored through numerical methods. Ames et al. ͓71͔ proposed a numerical algorithm to solve time quasilinear partial differential equations governing forced nonlinear vibration of an axially moving string. They adopted an implicit finite difference method. In spite of the inherent stability of the implicit finite difference method, the computational failures appeared for certain parameters resulted from the physical instability. Chen et al. ͓102͔ developed a modified finite difference algorithm to simulate the forced nonlinear vibrations as well as free nonlinear vibration. Chen and Zhao ͓112͔ presented a finite difference scheme to simulate transverse vibration of an axially moving viscoelastic string. They discretize both the spatial variable and the temporal variable in governing equation and the constitutive relation. They used the numerical techniques such as the alternating computation and discretization at friction knots to improve the efficiency and the stability of the algorithm. 
where the axial transport speed c(T) and the initial tension P(T) are prescribed functions of time T, and all other nomenclatures are the same as those in Sec. 2.1.1. Usually the forced term F(X,T) does not appear in Eq. ͑50͒ when parametric vibration is studied. Equation ͑50͒ is a linear partial differential equation with timevarying coefficients. It is well known that a small parametric excitation can produce a large response even if the frequency of the excitation is away from the linear natural frequencies of the system. Thus dynamic stability is of main interest for parametric vibration of an axially moving string.
Tension Variation as the Parametric Excitation.
The variation of the tension results in parametric vibration. In this case, the axial speed is usually taken to be a constant. Hence the governing equation is a special case of Eq. ͑50͒ when c(T) is a constant, and F(X,T)ϭ0. Mahalingam ͓12͔ noticed that, owing to the longitudinal excitation, the tension P is characterized as a small harmonic variation P 1 cos ⍀t about a mean tension P 0 ,
The 1-term truncated model is Mathieu's equation. Mote ͓115͔ first studied parametric vibration of an axially moving string. He discretized the governing equation into the coupled Mathieu equations by replacing the spatial derivatives by equivalent difference expressions. He employed the numerical integration to obtain the stability-instability boundaries in the P 1 -⍀ plane for different constants c. Naguleswaran and Williams ͓116͔ investigated the stability of parametric vibration of an axially moving string. They truncated the governing equation by the Galerkin method based on the stationary modes, and retained the first four terms. They found that the most violent instability of the parametric vibration occurs when the tension fluctuation is at twice the natural frequency of transverse vibrations. They presented experimental verification of the region of major instability. Rhodes ͓117͔ explored the mechanism of parametric selfexcitation of an axially moving belt, modeled as a string, over pulleys. As a belt is taken up on a pulley, a varying tension will be laid down as a strain pattern. As the belt pays off the pulley onto the next belt span, the stress pattern causes a corresponding varying tension on that span. The process repeats around the next pulley introducing into the original span a replica of its original tension variation, but delay in time. If the delay has a proper relation to the belt vibration period, then this fed-around tension can sustain of increase the vibration. He also presented the experimental evidence.
Approximate analytical methods were applied to study the stability of an parametrically excited moving string. Ariartnam and Asokanthan ͓113͔ applied the Galerkin method and the averaging method to analyze dynamic stability of a chain drive under polygonal action, which was modeled as an axially moving string subject to the periodically fluctuating tension. In their studies, the viscous damping was considered. They used a contact transformation to cast the 2-term Galerkin truncated system into a canonical form. Based on the averaged equation, the stability conditions are explicitly presented for the cases of subharmonic resonance, combination resonance of the sum or difference type, and nonresonance. In the case that dynamic instability occurs, a suggestion is given for alternative selection of both the chain as well as the drive conditions. Mochensturm et al. ͓114͔ used the averaging method of Krylov, Bogoliubov, and Mitropolsky to present the stability boundaries in the cases of the primary parametric resonance, the fundamental summation resonance, and the fundamental difference resonance. They employed a two-term Galerkin truncation in the base of the complex eigenfunctions of an axially moving string. The results obtained based on 1-term Galerkin truncation are nearly identical to those obtained by the four-term Galerkin truncation in the basis of stationary string eigenfunctions ͑Naguleswaran and Williams ͓116͔͒. Hence the solution convergence is greatly enhanced by utilizing the moving sting eigenfunctions. Liu and Huang ͓117͔ proposed a variational principle to determine parametric instability of an axially moving string.
Axial Acceleration as the Parametric Excitation.
Parametric vibration occurs in transverse motion of an axially accelerating moving string, regardless if the initial tension is a constant. From Hamilton's principle, Miranker ͓14͔ derived the governing equation for such motion, a special case of Eq. ͑50͒ with a constant P(T) and F(X,T)ϭ0. He presented a procedure to use the decomposability of the solution into waves traveling in two directions.
Mote ͓119͔ studied approximately the stability of an axially accelerating transporting string driven harmonically at one end. He replaced the varying speed by its time-averaged values, and used the Laplace transform to analyze the stability of resulting constant coefficient equation. He also undertook the time-step integration of the discretized equations without coefficient averaging. He concluded that the deceleration introduces a destabilizing phenomenon in transverse vibration, and the acceleration introduces a stabilizing or damping contribution.
Pakdemirli et al. ͓121͔ investigated dynamic stability in transverse vibration of an axially accelerating string. They applied the Galerkin method, and chose the n-term approximation in the form
The governing equation is discretized into a set of ordinary differential equations
Applied Mechanics Reviews MARCH 2005, Vol. 58 Õ 101
In their studies, the tension force in the string varies with speed according to the following relation ͑Mote ͓53͔͒
where P 0 is the initial tension and is a constant between 0 and 1. The axial speed has a sinusoidal variation with the amplitude c 0 and the frequency 0 . For nϭ1, 2, 4, 6, 8, respectively, they integrated the truncated equations over one period by an adaptive step size Runge-Kutta subroutine, calculated the monodromy matrix and then obtained the Floquet multipliers of the system. They presented stable and unstable points in the c 0 Ϫ 0 plane. They compared their numerical Floquet results with the analytical results from the Mathieu equation for nϭ1, and by Hsu ͓127͔ for nϭ2, 4, which are in reasonable agreement. Simulations for some unstable points confirm the stability results, and shows that the instabilities are weaker for the more term approximations. Pakdemirli and Batan ͓120͔ used the Galerkin method and the Floquet theory to treat numerically the dynamic stability of a constantly accelerating string, and found that the constant acceleration has a destabilizing effect compared with the sinusoidal speed variation case. Wickert ͓126͔ employed the asymptotic method of Krylov, Bogoliubov, and Mitropolsky to obtain the first-order approximation for transient vibration of general gyroscopic systems with unsteady superposed motion, and treated transverse vibration of an axially accelerating string as an illustrated example.
Pakdemirli and Ulsoy ͓122͔ applied the method of multiple scales to analyze the dynamic stability of an axially accelerating string. In their study, the time dependent axial velocity varies harmonically about a constant mean velocity. They investigated the stability of the principal parametric resonance and the combination resonance based on the approximate analytical solutions sought through two different approaches. In the first approach, they discretized the governing equation using the orthogonal linear modes, and then applied the method of multiple scales to the resulting equation. In the second approach, they applied the method of multiple scales to the governing equation. Thus they analytically determined the boundaries separating stable and unstable regions. The discretization-perturbation method and the direct-perturbation method yield identical results, while the latter approach is more straightforward. They found that instabilities occur when the frequency of speed fluctuations is close to two times the natural frequency of the constant speed system or when the frequency is close to the sum of any two natural frequencies.
Ö z et al. ͓123͔ used the method of multiple scales to investigate transition behavior from string to beam for an axially accelerating material. By assuming that both the amplitude of speed variation and the bending stiffness of the beam are small, they analyzed the beam effects on stability boundaries and found that they cause the stability boundaries to shift to higher frequency values.
Ö zkaya and Pakdenirli ͓124͔ applied the Lie group theory to find exact traveling wave solutions of transverse motion of an axially accelerating string for the arbitrary time dependent axial speed, including constant speed, constant acceleration, harmonic speed, and exponential decaying speed. Although such solutions may not be appropriate for a given boundary problem, they presented approximate solutions under the simply supported end conditions.
Suweken and Horssen ͓125͔ studied the transverse vibration of a string moving at low speed, and found that the truncation method cannot be applied to obtain asymptotic results on long time scales in certain resonant cases.
3.5 Nonlinear Parametric Vibration. When nonlinear factors are modeled, there is still the possible occurrence of large transverse motion of an axially moving string due to the tension or axial speed variation. Such motion is termed as nonlinear parametric vibration. Recently, much research has been done on the topic. Both analytical methods and numerical methods are applied to analyze nonlinear parametric vibration. There exist complicated dynamical behaviors such as bifurcation and chaos in transverse vibration of a parametrically excited axially moving string.
Approximate Analytical Methods.
There are many approximate analytical investigations on nonlinear parametric vibration of an axially moving viscoelastic string. Some of them are based on the Galerkin discretization. Others are the direct applications of approximate analytical methods to nonlinear partialdifferential equations.
Stationary string eigenfunctions were used to discretize the govern equation via the Galerkin method. Huang et al. ͓128͔ applied the discretization-perturbation method to study the dynamic stability of an axially moving string undergoing three-dimensional vibration. They derived the governing equation from Hamilton's principle containing the virtual work done by the viscous damping force. In order to account for geometric nonlinearity due to small but finite stretching of the string, they assumed that the strain was given by
where W(X,T) is the lateral displacement. Equation ͑56͒ expresses the Lagrangian strain when bϭ1, and the engineering strain when bϭ0. The Lagrangian strain defined by Eq. ͑39͒ is a special case of Eq. ͑56͒ that the coupling among longitudinal, transverse and lateral motion is not taken into consideration. After discretizing the governing equation into a set of ordinary differential equations by the Galerkin method, they applied a special modal analysis technique to decouple the discretized system and to obtain the uncoupled equations composed of an independent set of two first-order simultaneous differential equations. The resulting equations were analyzed by using the method of multiple scales, and the expressions for the boundaries of the unstable regions were presented in the case of parametric resonance and nonresonance. They found that the unstable regions shift towards a lower frequency domain with the increase of the string transport speed, the unstable regions shift towards a higher frequency domain with the increase of the wave propagation speed, and the unstable regions of main resonance vanish when considering the engineering strain. Fung and Wu ͓129͔ extended the research of Huang et al. ͓128͔ to the moving string subjected to both magnetic and tensioned excitations. The force of a transverse magnetic field acts as a damping effect in longitudinal direction and lateral direction, and a nonhomogeneous term proportional to the moving speed appears in the governing equation. Their research indicated that the transverse magnetic field causes the unstable regions of the longitudinal vibration and the lateral vibration, but does not affect the unstable region of the transverse vibration. Fung et al. ͓129͔ applied Hamiltonian averaging method and the Galerkin discretization to an axially moving string with geometric nonlinearity. The motion is governed by Eq. ͑35͒ added to a viscous damping force term c v (‫ץ‬V/‫ץ‬Tϩc‫ץ‬V/‫ץ‬X), where c v is the viscous damping coefficient and replaced the constant tension by the changing tension defined by Eq. ͑51͒. They presented the conditions of parametric and summed resonances over specific ranges between the natural and exciting frequencies. They also gives explicit results of the stability boundaries for the primary and secondary principal parametric and the first summation resonances and the bifurcation paths of the nontrivial amplitudes ͓130͔.
Translating string eigenfunctions were also used in the Galerkin discretization. Mochensturm et al. ͓114͔ employed the 1-term Galerkin discretization to evaluate the response of Eq. ͑49͒ near the principal instability regions. They obtained the existence and stability conditions of nontrivial limit cycles by the perturbation method of Krylov, Bogoliubov, and Mitropolsky and the linearized stability theory. Their research indicated that the amplitudes of the nontrivial limit cycles decrease with the increase of translation speed and ultimately vanish for large translation speeds.
Pellican et al. ͓131͔ also employed the 1-term Galerkin discretization to analyze nonlinear parametric vibration of an axially moving string. In order to model a power transmission belt over an eccentric pulley, the string is assumed to be excited at one end and to undergo the fluctuation of the tension. Hence the governing equation contains both a direct excitation and a parametric excitation. They applied the method of normal forms ͑Nayfeh ͓132͔͒ to the truncated governing equation to study the primary resonance and the parametric resonance. In both cases, the frequency amplitude curves are confirmed by experimental observations with quantitative measurements. They found the parametric instability for extremely small values of the eccentricity.
The method of multiple scales has been applied directly to study parametrically excited moving strings. In the case that the string is excited by the tension variation, the transverse vibration is governed by Eq. ͑38͒, in which the changing tension is given by Eq. ͑51͒. Zhang and Zu ͓133͔ studied the axially moving viscoelastic string described by the Kelvin model ͑42͒. They presented closed-form solutions for the amplitude and the existence conditions of nontrivial solutions of the summation resonance. Zhang and Zu ͓134͔ determined the stability of the trivial solution and the nontrivial solutions. They found that the amplitude of the first nontrivial solution decreases with the increase of the viscoelastic parameter while the amplitude of the second nontrivial solution increases with , the first nontrivial solution is always stable while the second one is unstable, and viscoelasticity leads to the upper boundary of existence for nontrivial solutions. Hou and Zu ͓135͔ performed the vibration analysis of a parametrically excited moving string by using the standard linear solid model ͑41͒ to describe the viscoelasticity of the string. They presented closed-form solutions of principal resonance and summation resonance, and explicit expressions of existence conditions and stability boundaries. They drew the following conclusions. The unstable domain of trivial solution and the stable domain of nontrivial solution expand proportionally with the increase of tension fluctuation, and hence higher tension fluctuation means larger vibration level and wider intervals of resonance frequency. The amplitude increase with the increase of speed at lower translating speed while the amplitude decreases with further increasing translating speed after exceeding certain thresholds. The stability domain of nontrivial solutions of the first principal resonance decreases monotonously with the increase of the moving speed, and the stability domain of the nontrivial solutions of the first summation resonance initially increases with the increases of the moving speed but decreases after the speed exceeds a threshold. Chen and Zu ͓136͔, and Chen et al. ͓137͔, studied analytically parametric vibration of the axially moving viscoelastic string constituted by the Boltzmann superposition principle. Such a problem was first treated numerically by Fung et al. ͓138͔. The Boltzmann superposition principle is an integral constitutive law that defines the stress-strain relation as
where E(T) is the stress relaxation function while E 0 is its value at Tϭ0, namely the initial Young's modulus of the material ͑Christensen ͓98͔͒. Chen and Zu ͓136͔ studied the case that the frequency of the excitation is one-half of a natural frequency of the corresponding unperturbed linear system. Chen et al. ͓137͔ treated a parametrically excited moving string at the summation resonance. In both cases, they presented closed-form solutions for the amplitude and the existence conditions of nontrivial steadystate response.
In above mentioned researches, the parametric excitation is due to the tension fluctuation of the. The method of multiple scales is also applied directly to accelerating elastic and viscoelastic string. The governing equation of an axially accelerating is substantially same as Eq. ͑38͒, except that a new term is added to account for axial acceleration. Therefore the governing equation takes the form
Wu and Chen ͓139͔, Chen et al. ͓140͔ and Chen et al. ͓141͔ studied, respectively, elastic and viscoelastic strings moving with the time dependent axial speed varying harmonically about a constant mean speed. In their studies, the frequency of the speed fluctuation is about one half of a natural frequency of the corresponding unperturbed linear system. They derived the amplitude and the existence conditions of nontrivial steady-state response in parametric resonance from the solvability conditions of the multiple scale method. They also employed the Lyapunov linearized stability theory to present the stability condition of the trivial solution and the nontrivial solutions. Chen ͓142͔ investigated principle parametric resonance of axially accelerating strings constituted by Eq. ͑57͒.
Numerical Methods. Numerical approaches have been employed to investigate nonlinear parametric vibration of axially moving strings.
Some numerical simulation research is based on the Galerkin method to discretize the governing equation into a set of ordinary differential equations. Fung et al. ͓138͔ studied the transient motion of an axially moving viscoelastic stings constituted by the integral relation. The governing equation is Eq. ͑38͒ plus the displacement-strain relation ͑39͒ and the constitutive law ͑57͒. The parametric excitations are the varying tension defined by Eq. ͑55͒ and changing translating speed. They applied the 4-term Galerkin truncation based on stationary string eigenfunctions, and obtained a set of 4 ordinary differential-integral equations. Then they used the finite difference integration to calculate approximately the related integrals, and transformed the ordinary differential-integral equations into the ordinary differential equations. Their numerical simulations indicated the dependence of the vibration frequency on the viscoelastic parameters and the possible occurrence of the instability due to the parametric resonance. Fung et al. ͓143͔ used the Galerkin method to study the case that the standard linear solid model constitutes the accelerating string. They truncated the governing equation by the Galerkin method based on the first two stationary string eigenfunctions. Their numerical results showed the dependence of the vibration frequency on the translating speed and the viscoelastic parameters, and the possible occurrence of the instability in the parametric resonance.
Zhang et al. ͓144͔ investigated the same problem in Fung et al. ͓138͔. They used the 1-term Galerkin method to discretize the governing equation based on the translating eigenfunctions instead of stationary ones. The convergence of traveling eigenfunctions is superior to that of stationary ones. They adopted the block-by-block method ͑Linz ͓145͔͒, a generalization of the wellknown implicit Runge-Kutta method, to solve numerically the resulting nonlinear differential-integral equations. Compared with other methods, such as finite difference integration and linear multistep method, the block-by-block method is more accurate, convenient, and efficient for solving the differential-integral equations, since it has is of high accuracy and can be applied to a wide range of problems with more complicated integral kernel.
Chen et al. ͓146͔ developed an algorithm for a moving viscoelastic string constituted by a fractional differentiation relationship. An approximate expression of the fractional derivatives was presented so that a set of differential-integral equations resulted from Galerkin's truncation can be numerically solved. Numerical results indicate that the amplitudes of transient responses decrease with the increase of both the viscoelastic power parameter and the viscoelastic coefficient, while the periods of transient response decrease only with the increase of the viscoelastic coefficient. Transverse vibrations may become unstable when the frequencies of parametric excitations change. Zhao and Chen ͓147͔ introduced iterative techniques to improve the algorithm.
In addition to the viscoelastic strings, the Galerkin method can be applied to analyze other types of moving strings. Chung et al. ͓148͔ studied the coupled transverse and longitudinal motion of an axially accelerating string with geometric nonlinearity. Assuming the displacement-strain relation given by the von Karman strain theory as
they derived the governing equation from the extended Hamilton principle as
where F V (X,T) is the applied transverse load per length. They used the Galerkin method to discretize Eq. ͑60͒ and then calculated natural frequencies of the corresponding linearized system in the neighborhood of the equilibrium solution to the case that the translating speed is constant and the applied transverse force is zero. For the dynamic responses, they applied the generalized-␣ method ͑Chung and Hulbert ͓149͔͒ to transform the ordinary differential equations into a set of algebraic equations. Their numerical research indicated that the period of the transverse vibration increases with the translating speed, and the transverse response determined by the nonlinear theory is quite different from that by the linear theory. The direct numerical methods such as the difference method have some advantages over the Galerkin method for the reason that it can account for all of the infinite number of modes that comprise the transverse vibration of an axially moving string, whereas the Galerkin method can only characterize the vibration comprise finite modes. The direct numerical methods are more applicable for complex constrained, damped or forced strings because no prior knowledge of modes is required. In addition, the direct numerical methods are conveniently implemented since no integration is involved in developing the algorithm. Bhat et al. ͓150͔ considered transverse vibration of an axially moving string on an elastic foundation. The problem is formulated as nonlinear parametric vibration to include the nonlinear terms arising from large amplitude oscillations as well as material damping and the variation in the tension along the belt. They used finite difference to discretize the governing equation, and integrated numerically the resulting ordinary differential equations to present the response of the string. Zhao and Chen ͓151͔ developed a numerical algorithm to simulate the nonlinear parametric vibration of an axially moving viscoelastic string. The vibration is governed by Eq. ͑38͒ in which the changing tension is defined by Eq. ͑51͒. They considered both the standard linear solid model ͑41͒ and the Maxwell-Kelvin fluid model ͑44͒. To make a better use of the special structure of the models, they treated the stress as a new unknown in the discretization. They used the finite difference to discretize spatial variables, and deduced a model defined by a large set of differential-algebraic equations. After some mathematical manipulations, they transformed the system into a set of standard ordinary differential equations that can be solved with high efficiency and precision by using the implicit Runge-Kutta method. Chen and Zhao ͓152͔ presented a numerical algorithm to simulate the transverse vibration of an axially accelerating string. The motion is governed by Eq. ͑58͒ and the Kelvin solid mode ͑42͒. They used the variation principle and the Hermite trial functions to discretize the governing equation into a set of differentialalgebraic equations that were solved by the implicit Runge-Kutta method and the Newton iterative algorithm.
Bifurcation and Chaos.
The string undergoes periodic vibrations in the aforementioned researches on transverse motion of an axially moving string. Nonlinear system may occur more complicated types of motion, chaotic motion ͑Argyris ͓153͔ and Nayfeh and Balachandran ͓154͔͒. Chaos implies motions with the continuous frequency spectrum, which may be significant in applications. In addition, the dynamical behavior of nonlinear system may vary qualitatively at the critical value of the parametric change. Hence a bifurcation appears. Chen et al. ͓155͔ investigated bifurcation and chaos in transverse motion of an axially moving viscoelastic string. The nonlinear parametric vibration is governed by Eq. ͑38͒ in which the tension is given by Eq. ͑51͒. The governing equation is discretized base on the 1-term and the 2-term Galerkin truncations. The bifurcation diagrams and some typical chaotic motion are presented. Chen et al. ͓156͔ further used 4-term Galerkin truncation to investigate the same problem. They found that there are significant differences among the bifurcation of the 1, 2, 3, and 4-order truncated systems, especially between the 1, 3-order truncated systems and the 2, 4-order counterparts. They also presented examples of periodic, quasi-periodic, and chaotic vibrations. Their numerical results showed that there is qualitative disagreement among the different term Galerkin truncations, and the even order truncations are acceptable because the gyroscopic coupling is taken into consideration. Chen et al. ͓157,158͔ found similar phenomena in other parametrically excited moving viscoelastic strings. Chen and Zhang ͓159͔ employed the translating string eigenfunctions to discretize the governing equation of an axially moving viscoelastic strings and investigated bifurcation and chaos in the 1, 2, 3, and 4-order truncated systems.
If longtime nonlinear dynamical behaviors ͑especially the chaotic behavior͒ of elastic or viscoelastic mechanisms and structures are concerned, only the low order Galerkin truncation is feasible. The suitability of the Galerkin truncation is an important and challenging subject. However, so far there is no direct argument to prove mathematically the plausibility of the low order Galerkin truncation, although it can be inferred from certain indirect evidence that can be found in considerable literature. In addition to the direct comparison with numerical and experimental results, the suitability of the Galerkin truncation for the research on regular or chaotic motions of nonlinear mechanisms and structures can be approached by comparing the dynamical behaviors of different order truncation models simplified from the same original governing equation. Axially moving strings provide more models to investigate the suitability of low-order Galerkin truncation.
Coupled Vibration.
If axially moving strings interact with discrete components, coupled nonlinear and parametric vibrations may occur. Just as the case in linear vibration ͑Sec. 2.4͒, the dynamic equations of discrete components are coupled with the governing equations of axially moving strings.
3.6.1 Belt Drive System. The serpentine belt drive system is a typical engineering system with coupled vibration of axially moving strings. On the assumption that rotational vibration of pulleys are uncoupled with transverse vibration of belts, the rotational vibrations of a belt drive system can be studied as a discrete system. For examples, Leamy and Perkins ͓160͔ applied the in-cremental harmonic balance method to compute the primary and secondary resonances of an engine accessory drive system with a Coulomb friction tensioner. Chen and Wu ͓161͔ derived the amplitude-frequency characteristic of the nonlinear vibration of a serpentine belt drive system with Coulomb friction from the averaging method extended to the multi-degree-of-freedom system ͑Chen and Wu ͓162͔͒. Zu et al. ͓163͔ developed closed-form analytical solutions for both non-stop and one-stop steady-state response of an engine accessory drive with a Coulomb friction tensioner. Cheng and Zu ͓164͔ studied nonstick and stick-slip motion of a Coulomb-damped belt drive systems subjected to multifrequency excitations.
Ulsoy et al. ͓165͔ first studied coupled vibration in a belttensioner system. The belt was modeled as an axially moving string. They considered the belt excited by the tensinoer through the varying tension and the changing boundary conditions. Utilizing a finite difference method in both the spatial and temporal variables, they developed a numerical algorithm for the governing equation. The model was validated by comparison with experimental data collected on a production automotive accessory belt drive system. Their research indicated that there are four primary mechanisms for transverse belt instability: ͑1͒ tensioner resonance, ͑2͒ belt resonance, ͑3͒ Mathieu instabilities due to belt tension variations, and ͑4͒ belt critical speed. They presented a design methodology to ensure good dynamic performance of such systems. Wang ͓166͔ investigated the stability of chain drive systems in which the dynamic characteristics of the sprocket is closely coupled with the vibration behavior of the chain modeled as an axially moving string. He applied Hamilton's principle to present a nonlinear model of an integrated chain drive system that couples the sprocket motion with the transverse and longitudinal vibration of the axially moving chain spans. The governing equation was discretized by the Galerkin method, and a 2-term expansion was used. Instability zones and boundaries were derived through perturbation analysis using the multiple scale technique. He found that the sprocket oscillations causes the chain longitudinal vibrations destabilizing the system and inducing large transverse vibration of the chain, and the gyroscopic effect and increasing chain traveling speed reduce the instability area of the subharmonic resonance while increase the instability area of the combination resonance. Beikmann et al. ͓167͔ demonstrated numerically and experimentally that nonlinear coupling of rotational and transverse vibration in serpentine belt drive system arises from geometric factor, finite stretching of the belt. They focused on a prototypical three-pulley system shown in Fig. 1 , but the Kirchhoff nonlinear string, instead of the linear string, is used to model belts. They expressed the governing equation in state equation form, and discretized them by a three term expansion based on the modes of the linearized system. The coupled vibration was calculated using the Runge-Kutta method with the focus on twoto-one internal resonance, which was observed in an accompanying experimental study. Their results indicated that large transverse belt response is excited through the internal resonance, increasing the excitation amplitude widens the excitation frequency range that leads to large transverse belt response, and small changes in the natural frequency of a rotationally dominant mode may drastically alter transverse belt response. To obtain an approximate analytical solution to the model developed by Beikmann et al. ͓167͔, Zhang and Zu ͓168͔ applied the direct multiple scales method to the serpentine belt drive system. They derived the steady state response from the amplitude and phase modulation equations in the one-to-one internal resonance combined with a primary external resonance. They found that the system near or at exact one-to-one internal resonance exhibits very large response and typical multivalued nonlinear phenomena, and moving the excitation frequency away from the rotation mode frequency significantly increases the excitation level necessary to produce parametric resonance. Their investigation also showed that discrepancies exist between the direct multiple scales method and the discretization multiple scales method in which linear spatial solutions are assumed a priori to describe the spatial solutions of the nonlinear problem. Zu and Zhang ͓169͔ used a similar procedure to two-to-one internal resonance in serpentine belt drive systems. Such resonance generally poses a more serious threat to the drive system than a one-to-one resonance.
Other Coupled Systems.
There are other types of engineering systems consisting of axially moving strings and discrete components. Fung and Shieh ͓170͔ studied coupled nonlinear vibration in a textile-rotor system with synchronous whirling. The textile is modeled as an axially accelerating string with time dependent length, and the rotor is modeled as a rigid disk with time-varying mass inertia and unbalance magnitude when the textile is wound on or off. They derived the governing equation from Hamilton's principle. The numerical solutions were presented for both linear and nonlinear coupled system based on a Galerkin approximation with a time-dependent basis function ͑Fung and Cheng ͓171͔͒. Fung et al. ͓172͔ studied coupled nonlinear vibration in an elevator system composed of a string with time-varying length, a mass attached at the lower end, and a permanent magnet synchronous servo motor as the actuator to drive the rotor. Based on the Galerkin approximation with a time-dependent basis function, they presented numerical solutions to the governing equations of the elevator-actuator system. They found that the variation of the rotor radius excites the transverse vibration of the axially moving string, the transient amplitudes of motion-induced vibration increase during retraction and decrease during extraction while the frequencies of vibration vary in the opposite trend, and a beating phenomenon occurs when the nonlinear term is considered. Besides, their research indicated that a finite number of modes in the Galerkin discretization is sufficient to represent the vibration of the moving string in practice. Fung et al. ͓173͔ analyzed dynamic stability of an axially moving string/slider coupling system with moving boundary. They derived the governing equations and boundary conditions from Hamilton's principle and the calculus of variation. The Galerkin method based on a timedependent basis function was applied to discretize the governing equations, and a modal analysis technique was applied to decouple the resulting discrete gyroscopic system. Then they used the method of multiple scales to obtain the stable-unstable regions and the amplitudes of responses in the case that the tension of the string was under small perturbation. They drew the following conclusions: ͑1͒ the frequency of the excitation and the natural frequency of the slider are close to twice of the natural frequencies of the string system, there exist the main resonance and unstable regions; ͑2͒ by increasing the string speed, the natural frequency of the string will decrease and the steady state amplitudes are shifted toward a lower frequency domain; ͑3͒ the natural frequency of the string tends to decrease while the unstable regions are shifted toward the lower frequency direction with the increase of the string length. Yao et al. ͓174͔ proposed a new hybrid Laplace transform/finite element method to analyzed coupled nonlinear vibration of a string with time-varying length and a weight attached at one end. They derived a set of nonlinear gyroscopic and time-varying differential equations from the variable-domain finite element formulation. The Laplace transform and its inverse were used to solve the equations in which the nonlinear terms were linearized by means of Taylor's series expansion. Leung ͓175͔ pointed out a problem in their research. Fung and Chang ͓176͔ studied the dynamic behavior of a string/slider nonlinear coupled system. They applied Hamilton's principle to derive the partial differential equation, governing the transverse smallamplitude vibration of the axially moving string, and nonlinearly coupled with an ordinary differential equation governing the horizontal displacement of the slider. They proposed a special finite difference method with variable-grid scheme to approximate both the moving boundary and the partial differential equation at the neighboring grid points. They found that the internal resonance with beating phenomena occurs when the frequency of the slider is two times of that of the string, the transient responses of the string diverge for the given appropriate periodic motion of the moving boundary, and the vibration amplitude explodes when the frequency of the moving boundary has integer times of the string.
Energetics.
Energetics of coupled vibration of an axially moving string is another research topic. Zhu and Ni ͓177͔ investigated energetics and stability of a vertically translating string with an attached spring-mass-damper. The string has an arbitrarily varying length, which is a model of an elevator hoist cable. They obtained several interesting conclusions. The displacement of a moving string with variable length can behave differently from its energy of vibration. Stabilization of such a string requires suppression of both the energy of vibration of a shortening string and the amplitude of the response of a lengthening string. The energy of vibration of an undamped, uniformly accelerating string decreases monotonically during extension under an instantaneous critical transport speed, about which the behavior of the energy of vibration of the string is reversed during extension and retraction. The rate of change of the total energy of the segment of the string external to the joint channel equals the resultant rate of work done by the nonconservative forces, plus the partial time derivative of its time-dependent potential energy associated with the tension.
Active Vibration Control
4.1 Controllability and Observability. Vibration control in flexible structures is an important engineering objective in many technological fields ͑Meirovitch ͓178͔͒.
Flexible structures belong to distributed parameter systems. Although the control theory is well developed for linear distributed parameter systems, general theories and their direct applications do not take into account many physical properties of the system under consideration. It is necessary to take advantage of given system properties to develop a control theory that is for such more restricted class of systems. A large class of problems for which the specific approach is particularly fruitful is gyroscopic distributed systems. An axially moving string is a typical distributed system with the gyroscopic character. The distributed and gyroscopic properties of the axially moving string make stabilizing control design difficult in both theory and practice. Compared with vibration analysis of axially moving strings, vibration control was studied much later. However, there has been increasing interest in the active vibration control of axially moving strings in recent years.
Controllability and observability are essential properties for any vibration controller design. Controllability refers to the situation in which, for any initial state and terminal state, a distributed, pointwise, or boundary control exists that can transfer the initial state approximately or exactly to the desired terminal state. Observability is the duality of controllability. That is, a system is observable ͑controllable͒ if and only if the dual system is controllable ͑observable͒ ͑Banks ͓179͔͒.
Discrete Gyroscopic
System. For discrete gyroscopic systems, Hughes and Skelton ͓180͔ and Juang and Balas ͓181͔ exploited the special gyroscopic structure to derive relatively simple controllability and observability conditions. Juang and Balas ͓181͔ assumed discrete gyroscopic system with a nonnegative definite stiffness operator while Hughes and Skelton ͓180͔ needed not to assume the positive-definiteness of the stiffness operator. The governing equations are transformed into the coordinates corresponding to the models of rigid-body motion ͑Hughes and Skelton ͓180͔͒ or a real Jordan form ͑Juang and Balas ͓181͔͒. They determined minimum sensor and actuator requirements. Although their works provided important insights on the modal behavior of the system and furnished information on the number and positioning of sensors and actuators, the selection and positioning of sensors and actuators in a controller design requires calculation and test of particular cases. Yang and Mote ͓182͔ obtained the controllability condition and the observability condition for the model representing a truncated modal expansion of the original distributed system. They proved that all truncated modes can be controlled ͑observed͒ by a single actuator ͑sensor͒ if it is properly located. All the actuators and sensors should not put at the nodal points of all modes that are to be controlled or observed. For the system without repeated eigenvalues, the minimum number of actuators and sensors needed to control are both one. For the system with repeated eigenvalues, the minimum number of actuators or sensors needed is the largest eigenvalue multiplicity.
Distributed Gyroscopic
System. Because distributed gyroscopic systems are infinite-dimensional, conclusions of analysis of the discretized system models may not represent properties of the original distributed system. Yang and Mote ͓182͔ treated controllability and observability of distributed gyroscopic systems without discretization. Their results are illustrated in vibration control of an axially moving string. In their work, the distributed gyroscopic system is observed with point sensors and controlled with point actuators. They considered a control force distribution,
provided by p point force actuators located at points a k (k ϭ1,2, . . . ,p) of the string, and the observation distribution by point sensors at points s j ( jϭ1,2, . . . ,q) of the string. The sensor at s j measures either the displacement or the velocity, e.g.,
of the distributed gyroscopic system. As a distributed gyroscopic system, the governing equation of the axially moving string, Eq. ͑6͒, can be cast in the state space form
Under certain assumption, they presented the controllability condition ͑necessary and sufficient respectively͒ and the observability condition for Eq. ͑63͒, based on the concepts of weak controllability and observability ͑Jai and Pritchard ͓183͔͒ and a general controllability theory ͑Curtain and Prichard ͓184͔͒. They confirmed that the minimum number of actuators ͑sensors͒ needed to render the distributed gyroscopic system controllable ͑observable͒ is given by the largest eigenvalue multiplicity. Therefore, it is theoretically possible to control ͑observe͒ an infinite number distinct modes with one actuator ͑sensor͒. Actually, only one point actuator and one point sensor are required for controlling transverse vibration control of an axially moving string. With weak controllability assumed, the system given by Eq. ͑63͒ can be stabilized by feedback, but the controlled system is generally not uniformly, asymptotically stable. The axially moving string under the force of a dashpot, a velocity feedback controller, is an example of such a system. For any initial condition, all the vibration energy in the string can be dissipated by a dashpot positioned away from all nodal point of the vibration modes. In all above mention works, point force actuators and sensors are used in control system modeling. Hence rendering a distributed gyroscopic system controllable and observable by selection and positioning of a minimum number of point actuators and sensors is a major issue in the design of controllers. Distributed actuation and sensors are traditionally supposed difficult to implement from a practical point view. However, piezoelectric materials technology makes distributed actuation and sensors feasible ͑Sunar and Rao ͓185͔͒, but applications of such techniques to vibration control of axially moving strings have received little attention.
Control of Linear Vibration.
Active control of the distributed system are traditionally based on direct feedback control and modal control that models an infinite dimensional distributed system by finite degrees of freedom or modes. Early researches on linear control of transverse vibration followed these two approaches. Kostyuk et al. ͓186͔ studied direct feedback vibration control for a axially moving in winding devices. They determined transverse distributed load to suppress vibration due to the periodical tension variation. They used a constant average over a period to substitute the corresponding variable coefficient in the governing equation. Based on the analytical solution to the timeindependent equation, they found the desired load. Then they presented an additional load to compensate the variability of the coefficient. Hence, knowing the tension variation, one can match the compensating control so as to eliminate undesirable tension fluctuations that result in unstable operation of the winding set. Ulsoy ͓187͔ pioneered the development of modal control for an axially moving string. He showed an observer-based state feedback algorithm based on a reduced-order, discretized model of the infinite dimensional axially moving string to be a viable method for active vibration control. He discussed the design of an active controller effected by transporting speed, observation spillover, and control spillover. He demonstrated the possible instabilities resulting form control and observation spillover when point sensors and actuators drive the closed-loop system unstable by measuring and forcing high frequency modes not included in the reduced-order model.
Laplace Transform Domain Analysis.
The Laplace transform domain approach is a general methodology usually based on the system transfer function that contains the information required to predict the system response under any initial and external disturbances ͑Butlovskiy ͓188͔͒. Chung and Tan ͓28͔, Tan and Chung ͓27͔, Yang ͓189͔, and Yang and Tan ͓33͔ developed the transfer function approach to complicated constrained distributed parameter systems. The vibration control of an axially moving string can be formulated in the frequency domain, which can avoid the spill-over effect, which destabilizes the system due to uncontrolled or residual modes, and difficulty in constructing an observer to predict the response due to the gyroscopic property. The controller forces are coupled to the string motion through the transfer function that give the string response to any initial conditions and external excitations.
Yang and Mote ͓190͔ presented a new method for active vibration control of an axially moving string. They formulated the control problem in the Laplace transform domain, and derived the transfer function of a closed-loop system, consisting of the plant, a feedback control law and the dynamics of sensing and actuation devices. Analysis of the root loci of the closed-loop system yielded two stability criteria. They designed stabilizing controllers for both collocation and noncollocation of the sensor and actuator. The destabilizing effect of noncollocated sensors and actuators was eliminated through introduction of a specific time delay in the feedback controller. They gave the closed form of the steady-state response of the stabilized closed-loop system to periodic external excitations. They found that spillover instability can be avoided, and hence all the modes of vibration can be stabilized. Yang and Mote ͓191͔ extended the vibration control method in Yang and Mote ͓190͔ to general distributed gyroscopic systems. In addition to the root locus method, they utilized the generalized Nyquist criterion to analyze the stability of the closed-loop system, and discussed the relationship between the root locus method and the generalized Nyquist criterion. Yang and Mote ͓192͔ extended the time delay concept in Yang and Mote ͓190͔ to general distributed gyroscopic systems. The time delay constant in those systems depends on the system eigenstructure. For a given system, if there exists a time delay relation, the system response at one point can be exactly predicted from the vibration measurement at other points of the system. They built an experimental setup of an axially moving string. The experimental results on noncollocated control of the string supported the time delay theoretical predictions for the stable control. Yang ͓193͔ further extended the time delay concept in Yang and Mote ͓190͔ to damped mechanical systems. He used a modified Bode plot of the feedback controller to design noncollocated vibration control of a viscously damped stationary string. He found that the Bode plot designed, along with a specific time delay, proper sensor and actuator locations, and suitable control gain, guarantees stabilization of the damped string.
The traveling wave cancellation is another effective approach to control distributed systems. The basic idea in wave control is to avoid accumulation of vibration energy in the system through wave absorption. Vaughan ͓194͔ first presented the idea in his work on vibration control of a stationary beam. Flotow ͓195͔ applied the approach to the control of large space structures, in which the elastic response of the space structure is determined in terms of its disturbance propagation characteristics. MacMartin and Hall ͓196͔ extended the approach to energy flux control for uncertain structures. Fujii et al. ͓197͔ considered noncollocated sensors and actuators in wave-absorbing control of flexible structures. However, active vibration control by canceling traveling waves had not examined for gyroscopic systems until Chung and Tan ͓198͔. The modes of a gyroscopic system do not constitute a standing wave pattern. The modes are nonsymmetrical and propagating waves have spatially-dependent phases.
Chung and Tan ͓198͔ studied active vibration control of an axially moving string by wave cancellation formulated in the Laplace transform domain. In their treat, the string with a feedback controller at the boundary may be subjected to both discrete and distributed constraints, and arbitrary excitations. The feedback controller consists of a velocity sensor, a proportional gain, and a time delay. The feedback control force is applied at the right boundary, and the sensor is located at a position close to the right boundary such that no external excitation acting between the sensor and the right boundary. They derived exact closed-form transfer functions for the closed-loop system, and canceled all closedloop poles by the closed-loop zeros. With the controller, all waves that pass the sensor will be cancelled at the right boundary such that no standing wave can be sustained. Therefore, the controlled system has no resonance and is thus stable. Numerical results for the string response under various excitations and constrained by an elastic foundation demonstrated the effectiveness of the controller.
Actuators and sensors are located within the string for most control problems. Yang and Mote ͓182͔ has shown that the system becomes uncontrollable and unobservable if actuators and sensors are located at nodal points. Boundary control affects all modes, and thus avoids this problem. In work of Chung and Tan ͓198͔, the boundary applied the control force appears to be infinite, and no wave is reflected. Furthermore, boundary control is easier to applied in certain practical circumstances because it normally does not interfere with the operation of the machine element. However, in other engineering circumstances, boundary control is difficult to apply. Ying and Tan ͓199͔ presented an active vibration control strategy for an axially moving string using a space feedforward and feedback controllers such that the vibration in a region close to a boundary vanished. Formulating the problem in the Laplace transform domain, they gave closed-form results of the transverse responses of both the uncontrolled and controlled moving strings in terms of the transfer functions. They introduced propagation functions to interpret the physical meanings of wave propagation in the moving string. The space feedforward controller, consisting of a velocity sensor and some time delay functions, was designed based on the wave cancellation idea. When the space feedforward control is applied, the transverse vibration of the axially moving string in the downstream field tends to zero asymptotically, and the control force acts as an active support that limits the vibration of the string only to the upstream region. Their numerical simulations showed that the space feedforward controller works well under both sinusoidal and random excitations. They introduced a feedback controller to attenuate undesired disturbances in the downstream field. Their analysis and calculations indicated that it is possible to design a feedback controller that effectively acts as a low pass filter and reduces the amplitudes of the low frequency components in the response.
The fixed-fixed boundary is assumed in all above mentioned researches on control design in the Laplace transform domain. Measurement errors, model uncertainties, and even time-varying conditions require a general boundary model to be included in the control problem. Tan and Ying ͓200͔ studied the active wave control of an axially moving string with general boundary conditions. Based on wave dynamics in the Laplace domain, they designed two control forces to eliminate the vibration in the upstream and downstream regions. The control forces effectively act as fixed supports and are independent of the boundary conditions. Each controller consists of a velocity sensor and time delay of two observers. They assumed initial conditions to be zero at the nonfixed boundaries, but their numerical simulation results showed that the controller is still effective for initially nonzero nonfixed boundaries. They proved that the active wave controller originally is marginally stable, but they introduced a stabilization coefficient in the control forces to improve its stability and robustness, while the structure of the control law was not changed. In addition to numerical results, they built an experimental setup to verify the improvement of the controller. Their research demonstrated the effectiveness of the controller with the stabilization coefficient on a moving belt drive and an automotive engine chain drive system.
Time Domain Analysis.
Active vibration control by dissipating vibration energy through wave absorption can be implemented in the time domain as well as in the Laplace domain as summarized before. Lee and Mote ͓201͔ developed a boundary control technique for an axially moving string. They derived the boundary control laws from Lyapunov's direct method in which the total energy of the string is the Lyapunov functional, and implemented the control law through a passive design using a typical viscous damper or an active control like a direct velocity feedback control. The time-optimal control gain for the maximum energy, which is the ratio of tension to the propagation velocity of an incident wave, was determined by minimizing the energy of waves reflected from the boundaries. They also determined the maximum time required to dissipate all vibration energy of the axially moving string for any initial conditions. They applied the invariance principle and the semigroup theory to prove asymptotic and exponential stability of the string. They used a finite difference scheme to illustrate numerically the effectiveness and optimality of the boundary control designed to stabilize of the axially moving string. Fung et al. ͓202͔ studied exponential stabilization of an axially moving viscously damped string by boundary control. In their studies, a mass-damper-spring controller was applied the right-hand side boundary. The controlled system is composed of an moving string and a one-degree-of-freedom linear oscillator. Based on the total mechanical energy dissipation and the semigroup theory, they proved the exponential stability when the initial tension force of the string is greater than the production of the spring constant and the string length. They also presented the lower bound of the feedback control gain. Huang et al. ͓203͔ presented the optimal strength for the gain of boundary feedback control of an axially moving string, under which the transverse vibration of the string can be driven to zero most rapidly.
Control design based on dissipating vibration energy of an axially moving string can be applied to the case that the length of the string changes. Zhu et al. ͓204͔ studied active control of translating string with arbitrarily varying length. They considered an inextensible vertically translating string with arbitrarily prescribed length, and with an attached mass supported by a guide of given stiffness at the lower end. A moving controller consisting of an actuator and a sensor applies a pointwise transverse force to the string. They proposed a control low that the control force are proportional to the inertial transverse velocity of the point of control on the string. They applied the Galerkin method to truncate the governing partial differential equation of the controlled moving string to a set of time-dependent ordinary differential equations. They presented sufficient conditions for uniform stability and uniform exponential stability of the truncated system.
Related Control Problems.
In addition to transverse vibration control, there are other control problems related to an axially moving string. Accurate speed and tension control are essential during continuous manufacture of axially moving materials such as fiber, paper, foil. Zhang et al. ͓205͔ presented a control strategy for an axially moving string that achieves vibration reduction along the string and ensures that the string tracks a desired axial speed. The control strategy is implemented by utilizing the roller torque inputs applied at the entry and exit points of the string and two control forces applied to the string via an interstitial mechanical guide. Based on the equation governing coupled vibration of the system, they applied the Lyapunov technique to design a model-based control law that exponentially regulates the axial speed tracking error and the string displacement along the entire span. Nagarkatti et al. ͓206͔ applied control torque to each roller at the boundaries of an axially moving string to regulate the string speed and tension using speed and tension sensors for each roller. They developed a partial-differential equation to govern the longitudinal displacement. Based on the Lyapunov technique, they presented a model-based boundary control system that exponentially stabilizes the string tension and speed at desired points and stabilizes longitudinal vibration. The controller consists of proportional plus integral speed control, proportional plus differential tension control, tension feedforward compensation and relative velocity damping. They built a experimental setup to implement their controller and to compare their control strategy with standard proportional plus integral speed control and proportional tension feedback.
Control of Nonlinear Vibration.
Nonlinear vibration of an axially moving string may be controlled by a linear or nonlinear control law, while control of linear vibration needs only a linear feedback control. Some ideas of nonlinear control theory ͑Slotine and Li ͓207͔͒ have been applied and developed to vibration reduction of an axially moving string, such as the sliding mode technique and the Lyapunov method.
Sliding Mode Technique.
The sliding mode technique, derived from the variable structure control theory, is a powerful tool to design nonlinear control systems ͑Itkis ͓208͔ and Utkin ͓209͔͒. A general variable structure control design method has been developed because of the robustness of a variable structure control system with respect to perturbation and disturbance. The strategy uses a kind of piecewise continuous controllers to provide a modification of conventional feedback control design. As opposed to conventional feedback controllers, where control gains are usually fixed after being designed, the variable structure control gains are switched from one set of values to another, from time to time throughout the control process, when the system trajectories slide over certain hyperplanes in the state space. The main advantage of the approach is that the variable structure can potentially be exploited to improve control performance such as robustness and fast time-response.
Sliding mode controllers can be designed based on discretized models of nonlinear axially moving strings. Huang et al. ͓210͔ applied the theory of variable structure systems to design controllers for distributed gyroscopic systems. Fung and Liao ͓211͔ designed the control strategy based on variable structure control along with the independent modal space control ͑Meirovitch and Ö z ͓212͔, and Ö z and Meirovitch ͓213͔͒ to suppress transverse vibration of an axially moving string. They considered a nonlinear string governed by Eq. ͑35͒ added a viscous damping term and a variation tension defined by Eq. ͑52͒. They used the Garlerkin method to discretize the governing equation, and then adopted the reaching law method ͑Itkis ͓208͔͒ to determine the sliding mode that satisfies the reaching condition. In their study, the active controller consists of two parts: ͑1͒ a state estimator that accepts the sensor measurements and produces an estimated state; ͑2͒ a linear state variable feedback control based on variable structure control, which produces the actuator inputs according to the estimated state. They extracted the modal displacements and velocities from the measurement of transverse displacement and velocity by use of a modal filter ͑Meirocitch and Baruh ͓214͔͒. Numerical results showed that transverse vibration of the axially moving string decays fast when the control forces are applied. They found that the variable structure control is insensitive to parametric uncertainty and external disturbances, and the nonlinear system needs more actuators due to the coupling in both gyroscopic and nonlinear terms. Fung et al. ͓215͔ revisited the problem in Fung and Liao ͓211͔. They developed a modified variable structure control with proportional compensation, and compared it with a modified variable structure control with integral compensation ͑Chern and Wu ͓216͔͒ and a conventional variable structure control in the case of suppressing the nonlinear parametrically excited vibration of an axially moving string. The Galerkin discretization and the modal space control were also adopted. The modified variable structure control with integral or proportional compensation consists of two variable structure controllers to reduce overshooting by switching these two controllers at appropriate circumstance. One variable structure controller is with the integral or proportional compensation in order to enhance its transient response or to reduce the rising time. The other is a conventional variable structure controller. As a result, the controlled system has zero steady-state response and fast reaction with no overshoot in the transient. Their numerical simulations indicated that the modified variable structure control with integral compensation reduces the vibration amplitudes of the uncontrolled modes. The modified variable structure control with proportional compensation has fast response speed and reaches the steady state within a short time. Fung et al. ͓172͔ designed a variable structure controller to suppress coupled vibration of an elevator string actuated by a permanent magnet synchronous servo motor. The design is based on the independent mode space control for the discretized system derived from the Galerkin method. In the controller design, they chose a reaching law to guarantee the convergence of the trajectory to the sliding surface and to enforce a fast approach to the switching manifold. Through numerical simulations, they found that transverse vibration of the axially moving string can be suppressed by controlling the current of the permanent magnet synchronous servo motor due to the coupling between the transverse vibration and the motion of the rotor. They also found that, by application of variable structure control theory, transient amplitudes of the elevator string are reduced and the residual vibrations are almost eliminated during retraction, while the residual vibrations are suppressed and the total energy of the elevator string decays fast during extrusion.
Sliding mode controllers can be designed directly for distributed systems without discretization. Orlov and Utkin ͓217͔ described mathematically discontinuous control systems in Banach space, and hence presented a variable structure control approach for distributed systems. Fung and Tseng ͓218͔ proposed a boundary control law that combines the variable structure control and the Lyapunov method. They considered a damped axially moving string governed by Eq. ͑35͒ added a viscous damping term. The string is controlled at one end through a mass-damper-spring system applied by an input force. They defined a Lyapunov function that is equivalent to the total mechanical energy. To guarantee the total derivative of the Lyapunov function with respect to time negative, they presented a control input determined essentially by a switching algorithm of variable structure control. The control law only depends on the displacement, velocity and slope of the vibration string at the end that the controller acts. They proved asymptotic stability of the controlled system. They also employed the central explicit difference algorithm to simulate the controlled motion. Their theoretical analysis and numerical simulation demonstrated that the controller designed by the Lyapunov method and the sliding mode technique decays the total energy of the string and ensures the string asymptotically stable.
Lyapunov
Method. The design of controllers can be based on the Lyapunov method. The Lyapunov method originated from the concept of energy dissipation associated with a stable mechanical system ͑Queiroz et al. ͓219͔͒. The motion of a system is asymptotically stable if its total energy decreases to zero monotonically. The key in determining the stability by the method is to construct a scalar-valued Lyapunov function that describes some kind of energy. A controller may be designed to force a Lyapunov function of the system, originally stable or not, to decay to zero, so as to achieve stability of the controlled system. Some above cited researches, including Fung et al. Based on the Lyapunov method, nonlinear vibration of an axially moving string may be stabilized by a linear velocity feedback control at a boundary. Shahruz and Kurmaji ͓220͔ and Shahruz ͓221͔ used a linear boundary control to suppress a transversally vibrating moving nonlinear string governed by Eq. ͑35͒. A control input force was applied at one end. The control is negative feedback of the transversal velocity of the string at the end, which provides a dissipative effect. A equivalent Lyapunov method, the energy multiplier method ͑Komornik ͓222͔ and Luo et al. ͓223͔͒ was applied to prove the stability of the controlled string. They defined an energylike scalar-valued function that is proved as the Lyapunov function. Therefore, the controlled string is asymptotically stable at rest. Shahruz ͓221͔ found that the low speed moving string without active control is stable if one of its end is free to move transversally. Such motion has a stabilizing effect. Shahruz ͓224͔ and Shahruz and Parasurama ͓225͔ introduced a boundary control force to suppress transverse vibration of an axially moving Kirchhoff string governed by Eq. ͑50͒. A negative feedback control of the transversal velocity of the string was applied at one boundary. They defined an energylike function of time for the controlled string and proved the function tending to zero exponentially. Hence the axially moving Kirchhoff string can be stabilized by the linear boundary control. Besides, from the stability analysis, they concluded that the axially moving Kirchhoff string is stable without any active control if one of its ends is free to move transversally. The above approach is in accordance with the wellknown fact that the negative velocity feedback increases damping in most distributed inertial systems.
In above cited work on linear boundary control, the control force applied directly at one end of the string. Fung et al. ͓226͔ stabilized nonlinear vibration of a damped axially moving string with the consideration of the controller mechanism effects. In their study, the control force was applied through a mass-damperspring system at a boundary. Transverse vibration of the string governed by Eq. ͑35͒ added a viscous damping term. They pro-posed a nonlinear boundary feedback control law that degenerates a linear control law in a special case. They found that a linear boundary feedback control can cause the total mechanical energy of the system to decay asymptotically, but it fails to decay the energy exponentially because there exists the nonlinear stretch tension force. They proved that the asymptotic and exponential stability of the system via the nonlinear boundary control because the nonlinear boundary feedback dominates the nonlinear stretch tension force.
Adaptive Control of Vibrations.
Adaptive control is one of the main approaches in control theory that treats uncertain systems. Uncertainties often cause performance degradation and instability, so that the conventional controllers cannot work. System uncertainties come from unknown or varying system parameters, or nonparametric uncertainties, such as high-frequency unmodeled dynamics from actuator dynamics and structural vibration, low-frequency unmodeled dynamics from friction and stiffness, measurement noise, and computational roundoff errors. An adaptive controller is one that has adjustable parameters, such as control gains, and the capability of self-adjusting these parameters in response to changes within the controlled systems. Adaptive control methods have been developed for uncertain linear and nonlinear systems, where only some knowledge of the structure of the underlying system is assumed, such as the linearity or nonlinearity, the type of governing equations, and the type of disturbances ͑Å ström and Wittenmark ͓227͔ and Krstic et al. ͓228͔͒. However, most researches are confined in control of linear vibration.
Model-Reference
Control. Queiroz et al. ͓229͔ first considered adaptive vibration control of an axially moving string. They developed a novel vibration control system that used two control inputs to regulate the transverse displacement of an axially moving string. The variation of the position and orientation of a mechanical guide located within the string span is used to reduce actively the string vibration. The actuator has the mass and the inertia with the control input force and torque acting at the actuator center of mass. Applying Hamilton's principle, they obtained the governing equations for coupled motion of the string and the actuator. Based on the Lyapunov method, they presented a modelbased control law that requires exact knowledge of the actuator mass and string tension. They applied the model-reference adaptive control to redesign the control law as an adaptive control law that estimates the actuator and string parameters online. Both control laws are dependent on measurements of the string displacement, velocity, slope, and slope rate at the mechanical guide. Based on the Lyapunov method, they proved that the string under the controls is asymptotically stabilized at rest. They used the Galerkin method to obtain a finite dimensional model of the controlled string, and verified the control laws through numerical simulations.
Parameter Estimation. Fung et al.
͓230͔ designed a robust controller based on an adaptive computed-torque technique to control transverse vibration of an axially moving string. Actually they extended the adaptive computed-torque controller of robotic manipulators ͑Middleton and Goodwin ͓231͔, Spong and Ortega ͓232͔, and Lammerts et al. ͓233͔͒ to a distributed parameter string system with uncertainties. The actuator at a boundary of the string is a mass-damper-spring system acted by a control input force. They proposed an adaptive controller with the parameter estimation scheme of the computed-torque structure. The controller can suppress vibration of the string and simultaneously update online the unknown parameters of the string ͑line density, tension, and viscous damping coefficient͒ and the actuator ͑lump mass, viscous damping coefficient, and spring stiffness͒. In their design, the control input force and the update laws of system parameters depend on the displacement, velocity, and slope of the string only at the boundary. In order to suppress the transverse vibration of the axially moving string, the desired trajectory is simply denoted at zero, and hence it does not need to design an extra exponentially model-based system or an ideal desired model. They proved the Lyapunov stability that guarantees the asymptotical decay of transverse vibration of the string to zero and the convergence of the tracking errors of unknown parameters to zero. They employed the finite difference scheme to demonstrate the theoretic results through numerical simulations.
In certain engineering problems, vibration control for an axially moving string focuses on the vibration isolation problem. Controllers are designed to restrict vibration resulting from external disturbances, such as support pulley eccentricity or aerodynamic excitation, to areas not requiring high precision positioning. Li, Aron, and Rahn ͓234͔ developed a vibration isolation approach for an axially moving string that models web handling machines. They used an actuator consisting of a force input and a mass to control the string displacement in controlled span while a disturbance force and boundary displacement act on the uncontrolled span. Based on the Lyapunov method, they first presented the model-based control law that exponentially stabilizes the displacement of the controlled string span. Then they designed an adaptive controller with the update laws of system parameters to compensate for the unknown or slowly time-varying parameters such as actuator mass and string tension. They built an experimental setup to compare the string responses of the open loop system, the simple proportional plus integral control, their model-based control, and their adaptive control under the same disturbances. The experiments demonstrated the effectiveness of the model-based controller and the adaptive controller in isolating the controlled span from disturbances and reducing the controlled span vibration.
Intelligent Control.
Intelligent control methods can reduce the amount of technical knowledge required from the human operator. One of its fundamental characteristics is adaptiveness and robustness to incompleteness, imprecision and uncertainty of mathematical models or accessible parameters of engineering systems. Two typical intelligent control methodologies, namely, fuzzy-logic and neural-network technologies have been applied to control linear and nonlinear transverse vibrations of axially moving strings. Neural networks are mathematical models developed in an attempt to emulate human neural system. Artificial neural networks can be trained and can learn how to perform in a control task. Fuzzy logic techniques create a control surface by combining logical rules with fuzzy sets, and allow designers to build a working controller in the case that their knowledge of the system is incomplete and vague.
Huang et al. ͓235͔ applied intelligent control to linear transverse vibration of an axially moving string. The control input is realized by the variation of the string tension. The approach belongs to the parametric control, proposed recently by Rahn and Mote ͓236 -238͔, which activates on-line adjustment of some system parameters to achieve prescribed goals. The designed a sliding-mode controller when the vibration is not small. To overcome nonanalyticity of the sliding-mode controller when the vibration becomes small, they proposed a fuzzy sliding-mode control and fuzzy neural network control. Both control schemes are based on a common structure of fuzzy control, taking switching function and its derivative as inputs and tension variation as output to reduce the transverse vibration of the string. In the fuzzy sliding-mode control, a genetic algorithm was utilized to search for the optimal scaling for the inputs. In fuzzy neural network control, on-line tuning of control parameters was conducted to overcome model uncertainty. They found that the fuzzy slidingmode control presents fast convergence with a precise model while the fuzzy neural network control, in spite of slower convergence, is robust to model uncertainty and environmental disturbance.
Chao and Lai ͓239͔ employed the fuzzy sliding-mode control and fuzzy neural network control in nonlinear transverse vibration of an axially moving string. The uncontrolled string governed by Eq. ͑35͒ added a viscous damping term. The control input for the system is realized through a mass-damper-spring device attached at a boundary of the string. In the design of the fuzzy slidingmode control, the region-wise linear fuzzy logic technique and the generic algorithm are applied to reduce a large number of fuzzy rule bases and to select optimal control gains, respectively. They compared various controllers via simulations, and found the transverse vibration can be well suppressed by both approaches.
Other Related Results.
There are other researches related to adaptive control of transverse vibration of an moving string. Rim and Kim ͓240͔ presented a method to identify the static and dynamic components in an axially moving string based on the transverse vibration analysis. Qu ͓241͔ designed a robust and adaptive boundary control law to suppress transverse vibration of an string on a laterally moving transporter. Qu ͓242͔ presented an iterative learning algorithm for boundary control law to damp out transverse vibration of a laterally moving string.
Conclusions
The researches presented in this paper reflect the enormous progresses since Skutch ͓1͔ on the study of transverse vibration analysis and control of an axially moving string. Especially in recent years, many research activities in the area have been witnessed because the axially moving string is a mechanical model that can be used in diverse engineering fields. Therefore, transverse vibration analysis and control of axially moving strings will remain to be an active research field. The following lists potential topics for future research: 1͒ Development of analytical and numerical approaches to analyze moving strings with material and geometric nonlinearities under complex constraint and coupling conditions; 2͒ Energetics of nonlinear and time-dependent strings under general constraint conditions, which is a base of stability analysis and controller design; 3͒ Understanding of complicated dynamical behaviors such as bifurcation, chaos, patterns, and spatio-temporal chaos in transverse vibration; 4͒ Design of controllers for hybrid systems containing moving strings, such as belt drive systems; 5͒ Developments and applications of advanced control techniques such as robust control and adaptive control to nonlinear strings; 6͒ Experimental investigations on various devices that model engineering systems in diverse fields.
To conclude, it was attempted in this survey paper to cite as many papers as we had known in the field of transverse vibration analysis and control of an axially moving string. In addition, some related research papers and some books concerning background knowledge were mentioned. It is hoped that this paper serves as a collection of ideas in investigations on transverse vibration of an axially moving string and its control.
